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Abstract
Hall effect thrusters (HETs) are electrostatic devices which exploit the reduction of the local
cross-field electron transport due to an externally applied magnetic field, in order to properly
shape the electrostatic accelerating potential. Although great efforts have been dedicated to the
understanding of the physics behind the operation of these devices, an accepted description of
the mechanism behind cross-field electron transport across a magnetic field has yet to emerge.
Experimental results show a cross-field electron mobility higher than the one predicted by the
classical collisional theory. This higher than expected electron mobility is related to the so
called anomalous diffusion mechanism. In literature plasma oscillations have been identified as
the most likely explanation for anomalous electron transport. Even if advancements have been
made in understanding the mechanisms responsible for the anomalous transport, the latter is
still an unanswered question affecting the development of accurate models. Actually, numerical
simulations of HET plasma discharge typically depend on the adoption of semi-empirical models
of the mobility and usually require a calibration with experimental data.
First, in order to investigate the role of anomalous diffusion in HETs, an overview of classical
electron transport theory and of the anomalous transport problem is presented, together with
an analysis of experimental and theoretical research on plasma oscillations in HETs. Then, a
one-dimensional model of the HET plasma discharge was developed. The model, which includes
the effects of plasma-wall interactions, neutral dynamic and plume expansion, provides a reliable
description of the plasma proprieties inside the channel. A sensitivity analysis of the effects on
the plasma dynamic of electron pressure and anode ion velocity was performed, allowing for a
reduction of the model complexity and for a significant simplification of the numerical integration
procedure.
The model was validated using experimental results of the Alta HT-5k and a first attempt to
relate anomalous mobility and thruster operating condition was made. Furthermore, a remarkable
agreement between computed and experimental thruster performance was observed over a wide
range of operating conditions.
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Chapter 1
Electric Propulsion
1.1 Basic concepts of Space Propulsion
Electric propulsion is a technology, developed for space application, aimed at achieving thrust
with an highly efficient utilization of the propellant mass. The reduction of the propellant mass
required to fulfil the objectives of a given space mission yields a consequent reduction of the
launch mass of spacecraft or satellite, leading to lower cost for launch a given mission or allowing
the achievement of missions inaccessible with conventional chemical thrusters.
The flight of a rocket in a gravitational field is described by the following equation:
M~˙u = ~T + ~Fg, (1.1)
where M is the instantaneous mass of the vehicle, ~˙u is the acceleration vector, ~Fg is the force
of gravity and ~T is the thrust of the given by the propulsion system. The thrust is generated
by the rocket, exploiting the momentum conservation law, by the directed expulsion of on board
propellant mass.
The thrust can be written as:
~T = −m˙ ~ueff , (1.2)
where m˙ is the actual overall mass flow leaving the vehicle and ~ueff is called effective exhaust
velocity.
The integral of the thrust over a complete mission is called total impulse I.
1
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I =
ˆ tf
t0
Tdt. (1.3)
We consider a rocket operating in ideal conditions (with a constant ~ue) and in a region where
the gravitational force is negligible compared to the thrust, in this case the integration of equation
(1.1) is straightforward:
∆v = ue ln
M0
Mf
, (1.4)
where M0 and Mf are respectively the initial and final mass of the vehicle and ∆v is the
magnitude of velocity increment due to the ejection of a certain massMP = M0−Mf of propellant.
Rearranging equation (1.4) we obtain:
Mf
M0
= exp
(
− ∆v
ueff
)
. (1.5)
From this simple analysis it is clear that if the mission requires a high total impulse, the thrust
should be achieved via an high exhaust velocity rather than an high ejection of mass. Indeed,
equation (1.5) states that for ue much higher than ∆v the fraction between the final and initial
mass is close to 1, which means that a large fraction of the original mass is brought to the final
velocity.
Different missions can also be represented by characteristic velocity increments ∆v, each of
which satisfies equation (1.5) [1] . In the following table are reported typical ∆v requires in
different missions.
Type of mission ∆v(m/s)
Escape from Earth suface (impulsive) 1.12 · 104
Earth orbit to Mars orbit and return 1.4 · 104
NSSK geostationary satellite 50/year
Table 1.1: ∆v of typical space missions
An other important parameter related with the exhaust velocity is the specific impulse Isp,
traditionally used for comparing the performances of different thrusters. The specific impulse can
be defined as the ratio between the thrust and the weight of used propellant (measured at the
sea level)
Isp =
m˙ueff
m˙g0
=
ueff
g0
, (1.6)
where Isp is measured in second and g0 is the sea level gravitational acceleration. In MKS
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units, ueff and Isp differs by a factor of approximately 10.
1.2 Electric Propulsion
The specific impulse of a given thruster is determined by the nature of the acceleration of the
propellant within the thruster. Chemical rockets exploit the expansion in a nozzle of a gas
previously heated by a chemical reaction. The maximum specific impulse is limited by the energy
available in the chemical reaction and by the the maximum temperature that can be tolerated by
the combustion chamber and the nozzle. Indeed, an excessive heat transfer to the wall can lead
to a structural failure of the thruster and limits the specific impulses achievable with conventional
chemical thrusters to 300-400 sec.
In order to significantly increase the specific impulse, the conventional gas-dynamic accelera-
tion processes must be abandoned in favor of electric propulsion.
Jhan, in [1], defines electric propulsion as:
“ The acceleration of gases for propulsion by electrical heating and/or by electric
and magnetic body forces”
Starting from this definition he individuates three different concepts:
1. Electrotermal propulsion, where the propellant gas is heated electrically and then expanded
in a nozzle.
2. Electrostatic propulsion, where the propellant is accelerated by direct application of electric
body forces to ionized particles.
3. Electromagnetic propulsion, where an ionized propellant stream is accelerated by interaction
of external and internal magnetic fields with electric currents driven through the stream.
Table 1.2 gives an overview of the most notable devices developed until now.
Acceleration Process Governing Equation Electric Thruster
Gas Dynamic ueff ∝
√
Q
M Resistojets, Arcjets
Electrostatic ueff ∝
√
2qVd
ma
Gridded Ion Engines, HET, FEEP
Electromagnetic ueff ∝ I2m˙ MPD, PPT
Table 1.2: Electric Propulsion Main Devices
Electric thrusters could both produce specific impulse and allow payload fraction that are
one order of magnitude higher than the modern chemical thrusters. The principal limitation in
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the performances regards the mass of the power supply which is needed to produce a certain
specific impulse. Indeed, all electric thrusters require separate energy sources, i.e. an electric
power supply.
In a mission performed at a constant thrust level T and for a certain firing time ∆t, the total
mass of the propellant expended is:
Mp = m˙∆t =
T∆t
ueff
=
T∆t
Ispg0
. (1.7)
The mass of the power supply,Mpower, will scale monotonically with the power level needed
P =
Tueff
2ηe
, where η is the thrust efficiency.
Mpower = αP = α
Tue
2η
= α
g0TIsp
2η
. (1.8)
The total mass, that is the sum of Mp and Mpower is a function of the specific impulse (Fig
1.1).
Figure 1.1: Propellant mass and Power supply mass as a function of the specific impulse
From the figure 1.1 we can observe that, for a given mission, an optimum specific impulse
exists, which minimize the total mass.This simple analysis emphasizes the importance of the
power supply weight on the performances of an electric propulsion unit.
If the thruster operates at too low specific impulses the advantages related with the reduction
of propellant mass are lost, instead if operates at too high specific impulses the increase in power
supply mass can become extremely disadvantageous.
An other important aspects, still related with the power available, is the the thrust level which
can be effectively supplied by electric propulsion systems. The power is related to the thrust by
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the following equation:
P =
TIspg0
2η
. (1.9)
Assuming an efficiency η of about 50% and assuming ueff = 20000
m
s , as for standard electric
thrusters, we obtain:
P
T
≈ 20kW
N
.
Classical power generation devices configurations, such as solar arrays, have a typical weight
to power ratio of about 40 [ kgkW ]; this means high levels of thrust generation implies requires
a heavy power generation subsystem. For this reason, electric propulsion is still employed for
low-thrust level maneuvering only.
Concluding, electric propulsion systems can produce high specific impulses, increasing the
payload ratio of an order of magnitude with respect to the one available with chemical thrusters.
However, electric thrusters require power supply of low specif mass ( mass for unit power provided
) and high reliability. Moreover, only low thrust level can be achieved with this type of thrusters.
For all these reasons, nowadays, electric propulsion system are employed only for operations
that require low thrust level, involving high firing time and complicated trajectories. This type of
thrusters are typically employed in missions where high specific impulses are mandatory and high
thrusting time are allowed, such as attitude control, station keeping, orbit adjustment geosyn-
chronous satellite, in interplanetary transfers of scientific spacecraft or large space vehicle.
In Table 1.3 the typical performances parameters of different type of electric thrusters are
reported [2].
Type of thruster Power Level, kW Isp(s) η
Resistojet 0.5-1.5 200-350 65-80
Arcjet 0.3-30 500-1.5 24-45
Hall Thruster 0.1-20 1.000-3.000 45-65
Ion Engine 0.2-10 2.000-10.000 55-80
PPT 0.001-0.2 1.000-1.500 7-13
MPD 1-4 2.000-5.000 30-50
Table 1.3: Typical performance parameters for various electric thrusters
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Chapter 2
Hall Effect Thrusters Background
2.1 Historical outline
Stationary Plasma Thruster (SPT), together with Thruster with Anode Layer (TAL), are com-
monly called “Hall Thrusters” or “Closed Drift Thrusters”. They generally use noble gas propel-
lants for their small chemical reactivity. For the majority of modern applications, Xenon is the
common propellant choice. It has a relative low first ionization energy (ΣI = 12 − 13eV ) and
a big atomic number (131); this makes it very attractive for low-Earth missions which usually
require higher thrust instead of high specific impulse. These thrusters are especially suitable for
orbit corrections and station keeping of geostationary satellites and for primary propulsion in
interplanetary missions. Originally developed in the 1960’s by A. I. Morozov, the first successful
on-orbit test was completed in 1972. For over ten years, Soviet/Russian spacecraft have used HET
for station-keeping and on-orbit maneuvering, but, in spite of more than three decades of SPT
research and development, physics of SPTs is still not fully understood. Western interest in HET
has grown with the commercial satellites business, and it is actually spreading itself towards very
high thrust and very low thrust devices. Massive experimental and numerical modeling efforts
have been undertaken to enlighten characteristics and issues of the typical thruster designs, as
well as to develop new ones. Recently, Hall Effect Thruster begun to be seen as a very interesting
alternative to chemical propulsion even for mid-thrust operations. Their main advantages, with
respect to other electric rocket devices, are that:
 Ionization is essentially due to the discharge current and doesn’t need additional means to
occur, such as in electrostatic thrusters (for example); this means high ionization efficiency.
 Quasi-neutrality hypothesis holds approximately anywhere in the channel (with the excep-
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tion of thin layers along the walls, the “sheaths”) but the acceleration process is essentially
electrostatic (even if magnetic field effects play an important role). This implies that limi-
tations on charge space distribution do not apply.
 Electrodes are not dipped in the plasma region and do not suffer of aggressive erosion as in
MPD thrusters.
2.2 General scheme of an Hall effect thrusters
Figure 2.1 shows the general scheme of an Hall effect thruster. Although, have been developed
with different dimensions and different power level, each and all presents the same geometrical
configuration.
Figure 2.1: Hall thruster general scheme.
The primary components of a typical HET are the annular discharge channel with the com-
bined electrical anode and neutral gas distributor recessed into a dielectric, insulating channel.
A cathode, mounted either outside the discharge channel (external) or on channel and thruster
center line (internal), provides electrons to neutralize the plume and sustain the discharge.The
discharge voltage is applied from the anode (positive) to the cathode (negative) with a power sup-
ply. A magnetic field is applied radially across the discharge channel exit plane.The magnetic field
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is crucial to HET operation and the field strength and topology are produced by using magnetic
coils that surround the channel and generate the magnetic field through. Ferry-magnetic screens
drive magnetic field lines appropriately in order to have a strong radial field with a negligible axial
component (the latter is not useful for particle acceleration).The discharge channel walls are built
with a dielectric material,typical materials are boron nitride (BN) or Borosil (BN − SiO2).
2.3 Electrons particles motion and Hall parameters
We start analyzing the motion of a charged particle in the presence of electric and magnetic
field. The classical theory shows that the motion of a particle subject to magnetic field only is a
uniform circular motion in the plane perpendicular to the field lines. In this case we introduce a
characteristic frequency (called “cyclotron frequency”) defined as:
ωc =
eB
m
.
The radius of the circular orbit is called “Larmor Radius” and its value is simply:
rL =
u⊥m
eB
,
where u⊥ is the velocity perpendicular to the magnetic field lines. The center of this circular
orbit is called “ guiding-center” or “gyro-center”.Let us now consider the case in which an electric
field ~E is perpendicular to ~B. When an electron moves along the direction of the electric field, it
is accelerated and his Larmor radius increases; when the ion moves against the field its Larmor
radius decreases. The overall result is that the electron follows a cycloid motion; the guiding
center drifts perpendicularly to both ~E and ~B, as shown in figure 2.2. Electrons have smaller
Larmor radius than ions due to their lower mass.
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Figure 2.2: Deflection of main electron drift direction due to collisional events
The behavior of an assembly of particles can be thoroughly described by the Boltzmann
equation. If we are interested in the global collective behavior of the various components of
the working medium, a description in terms of average properties can be sufficient. This is
usually done by taking the first three velocity moments of the Boltzmann equation, thus obtaining
the mass, momentum and energy conservation equations for each species. These equations are
generally called fluid equations. When combined with the Maxwell equations and with appropriate
constitutive relations, the fluid equations provide a complete description of the collective behavior
of the medium in all its components. A simplified view of the problem shows that even in the
presence of a bulk flow, a particle has an ~E ∧ ~B drift. Collisions between particles force them to
diffuse in the ~E direction preferentially; this happens because every time a particle collides with
an other, it is supposed to stop and then it isaccelerated again by the electric field. Figure 2.3
shows the drift direction modified by collisional events.
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Figure 2.3: Deflection of main electron drift direction due to collisional events
The angle ϑ is a function of collisional (ν) and cyclotron (ωe) frequencies according to the
following expression: β = tan θ = νωe is called “Hall Parameter” and it is a measure of the
collisional behavior of the plasma.
2.4 Acceleration process and thrust generation
The operational principles of an Hall thrusters are showed in Fig 2.4.
Figure 2.4: Hall thruster operating principles
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As the images try to show, the HET accelerating principle is based on a significant decrease
in electron axial mobility at the channel entrance obtained by means of a strong radial magnetic
field, which forces the electrons to drift azimuthally while trying to approach the anode. In
normal operative conditions the electron Hall parameter is so high that the electron flow can be
approximately described as a free azimuthal drift. As a result, the potential drop at the end of
the channel grows to a far higher value than that to be expected in the absence of the magnetic
field. This forces the ions, which are not significantly magnetized and are therefore free to move
along the channel, to accelerate down the potential gradient to high exhaust velocities (namely in
the order of 20[Kms ], much higher than in classical chemical propulsion devices). Therefore, Hall
thrusters are described as electrostatic devices because the ions are accelerated by the applied
electric field, even though a magnetic field is critical to the process. However, since the acceleration
occurs in the plasma region near the channel exit, space charge separation is not an issue and
the ion current density and the thrust density can be considerably higher than that achievable
in gridded ion thrusters. The external cathode plasma is not only the source of the electrons for
the discharge, but it also provides the electrons to neutralize the ion beam.
2.5 Cross-field electron mobility
In a Hall effect thruster the presence of a radial magnetic field prevents the electrons to flow
directly to the anode. Indeed electrons are forced to drift in the azimuthal direction. More
generally, in the presence of both an electric field ~E and a magnetic field ~B the reduction of
electrons ability to migrate across magnetic field lines could be described by the cross-field electron
mobility µe⊥. The mobility is the coefficent that relates the electron velocity to the magnetic
field. µe⊥ is contrapposed to the cross field diffusion coefficent, the latter relates the electron
velocity to the electron pressure gradient. In particular, µe⊥ defined as the ratio between the
modulus of ue⊥, which is the component of the electron velocity perpendicular to ~B, and the
modulus of ~E⊥:
µe⊥ =
ue⊥
E⊥
.
In classical theory the diffusion of electrons across magnetic field lines occur through collision
with heavier particles. It is well known that in Hall thrusters, as well as in other devices in which
both ~E and field ~B are present, the experimentally observed electron mobility is much higher
than the one predicted by classical theory [3, 4, 5, 6]. Therefore, a mechanism exists, different
from particles collisions, that enhance electron mobility within these devices. In literature this
unknown mechanisms is referred as Anomalous Diffusion or Anomalous Transport. Although,
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several theories exist to account for this enhanced mobility, an accepted description of the mech-
anism behind cross-field electron transport has yet to emerge. The most accepted explanations
for this higher that expected mobility in Hall thruster are two:
1. Plasma oscillations, referred to as Bohm-type diffusion as well as turbulence, based on the
fact that correlated azimuthal oscillations of density and electric field can induce a net axial
electron current [7].
2. Near wall conductivity, based on the fact that secondary electrons emitted by the walls
introduce a net axial current [8].
Transport due to wall effects comes from the idea that electron-wall collisions determine the
electron mobility inside the thruster. Electrons with sufficient kinetic energy for passing through
the sheath are scattered by the lateral walls and contribute to transport in the same way electrons
scattered by collisions with heavier particles do. However, electron transport induced by the
electron-wall interaction seems not to be enough to explain experimental evidences [9, 10].
On the other hand, is known that Hall effect thrusters present plasma oscillations in the fre-
quency range from 1kHz to 60MHz [11]. The main idea behind electron transport induced by
plasma oscillation will be described in details in Chapter 3. However, there are experimental evi-
dences showing that transport due to plasma oscillations could account for the observed enhanced
mobility [4, 12].
For these reasons, in this thesis the “ anomalous diffusion” is used to indicate the augmented
electron transport across the magnetic field due to plasma fluctuations. It is worth to outline
that the problem of anomalous electron transport doesn’t affect only Hall thruster, anomalous
diffusion has been observed in many other devices including stellarators, magnetrons, homopolar
devices and ion implantation systems, all devices where it is present a crossed structure of the
magnetic and electric fields.
2.6 Problem Statement
Even if advancements have been made in understanding the mechanisms responsible for the
anomalous transport, the latter is still an unanswered question affecting the development of
accurate models. Actually, numerical simulations of HET plasma discharge typically depend on
the adoption of semi-empirical coefficients in order to model the electron mobility. Although
these models have the capability of both reproducing the plasma response and matching thruster
performance over a wide range of operating conditions, they usually require a calibration with
experimental data. As Mikellides noted in [13]:
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“ The variation of these coefficients from one thruster simulation to another is not
based on first principles, which presents the biggest obstacle in advancing such models
to fully predictive design tools for Hall thrusters.”
This considerations justify the analysis of the problem of anomalous electron transport and the
investigation of its role in Hall thruster, with the aim of improve the description of the physical
processes which regulate the operation of these thrusters.
2.7 Research Objective and Contributions
This thesis seeks to improve the theoretical modeling of HETs, through the fulfillment of four
different objectives:
1. Analyze the features of the anomalous transport problem and investigate the connection
between plasma oscillations and electron diffusion.
2. Provide an overview of experimental and theoretical results regarding plasma oscillations
inside the thruster, with emphasis on the oscillations related to anomalous diffusion.
3. In order to get an insight in the physical processes which regulate the plasma dynamics
inside the channel, develop a one-dimensional model of the Hall thruster discharge, which
can be also exploited to investigate the role of anomalous diffusion.
4. Validate the 1-D model on the Alta’s HT-5k.
2.8 Overview of the Thesis
In Chapter 3, the main characteristics of classical electron transport and of the so called anomalous
diffusion are described, furthermore we outline the basis of electron transport due to plasma
oscillations. In Chapter 4 an overview of the main experimental and theoretical results regarding
plasma oscillations inside the Hall thruster is presented. In chapter 5 it is presented the description
of the 1-D model developed, while in Chapter 6 the results of the model when applied to the Alta’s
HT-5k are described. Chapter 7 conclude this thesis and offers guidance for future developments
of the present research.
Chapter 3
Electron Transport
3.1 Introduction
As stated in Chapter 2 the magnetic field in the Hall thruster impedes electrons motion. The
detailed physical mechanisms of electron transport across the magnetic field in Hall thrusters and
many other plasma devices remain poorly understood. The electron current inside the chamber
and in the plume is too high to be explained with classical collisional theories. Thus, a mechanisms
different from collisions is suspected to enhance electron transport. The term anomalous diffusion
is used to refer to this higher-than-expected electron current. The aim of this Chapter is to
describe the relevant concepts of electron transport, and to outline the features of the anomalous
electron transport problem.
3.2 Classical Electron Transport
Electrons in Hall thrusters are trapped in an azimuthal closed drift due to the simultaneous
presence of a radial magnetic field and an axial electric field. According to classical theory, the
only mechanism that allows electrons to drift axially throughout the channel, is the collision with
other species. Transport of electrons across a magnetic field due to binary collisions with heavy
particles is the original and still most widely used definition of classical transport.
3.2.1 Electron transport along the Magnetic Field.
Consider the case of a plasma consisting of charged particles and neutrals, in the presence of an
electric field ~E and a magnetic field directed along the x axis ~B = Bxeˆx. The electron momentum
15
16 CHAPTER 3. ELECTRON TRANSPORT
equation is:
mene
D~ue
Dt
= −ene
(
~E + ~ue ∧ ~B
)
−∇Pe −meneνe ~ue. (3.1)
where ne is the electron density, ~ue is the electron velocity, Pe is the electron pressure,me
is the electron mass and νe is the electron collision frequency. The latter, takes into account
for the interaction between electron and neutrals and between electron and ions, an expression
for νe could be find in [14]. If the collision frequency is large enough electron inertia can be
neglected [14]. If we assume a Maxwellian distribution function for the electrons, the pressure
can be written as, Pe = nekBTe. Where kB is the Boltzman constant and Te is the electrons
temperature. Therefore, equation 3.1 becomes:
0 = −ene
(
~E + ~ue ∧ ~B
)
−∇ (kBTene)−meneνe ~ue. (3.2)
Along the magnetic field lines ~B has no effect and the motion is unconstrained. If we solve
equation 3.2 in the direction parallel to ~B we find :
uex = −µeEx − De
ne
∂ne
∂x
− De
Te
∂Te
∂x
, (3.3)
where :
µe =
e
meνe
. (3.4)
De =
kBTe
meνe
. (3.5)
µe is called electron mobility while De is called electron diffusion coefficient. Electron mobility
takes into account the contribution to the electron motion related with the presence of the electric
field, while electron diffusion coefficient takes into account the contribution related with pressure
gradient. The latter is due to both electron density gradient and electron temperature gradient.
Usually, in literature the term diffusion is used to describe plasma motion due to a non-uniform
distribution of charged particles or a non-uniform distribution of temperature in a plasma.
The diffusion coefficient and mobility are related through the Einstein relation:
µe =
eDe
kBTe
. (3.6)
From equations 3.3,3.4 and 3.5 we observe that along a magnetic field line the electron velocity
is inversely proportional to the collision frequency. In absence of collision the electron rapidly
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accelerate along ~B. In this case the role of collisions is to impede electron motion.
The meaning of mobility and diffusion coefficient could be further investigate looking to the
microscopic motion of electrons. In order to do that we need to introduce the concept of random
walk.
In a random-walk process, particles are assumed to have straight-line trajectories between
collisions, with collisions taking place on a time scale determined by the collision frequency. The
direction of the trajectory after the collision is random.
Consider a group of particles moving along a straight line (the x axis) beginning at x = 0.
The particles take one step at a time, each step being ∆x, the time between steps is ∆t. The
steps are random in the sense that a step to the left is just as likely as a step to the right. As
time passes, the average position of the particles, indicated with 〈x〉, is not expected to change,
so 〈x〉 = 0. However, after a sufficient time the particles will have “spread out” relative to their
initial position, and a few of them will have succeeded in migrating quite far to the left or to the
right and the mean square spread in particle position,
〈
x2
〉
, could be different from zero.
First, consider the case of a plasma not containing significant electric or magnetic field. When
a charged particle collides with another particle (either charged or neutral), the particle moves
from one collisionless orbit to another. After many of such collisions, the particle would have
wandered a significant distance away from its original location. In a uniform plasma, this process
would not cause a net migration of particles since, on average, another particle would have moved
into the original location of the first particle. In an inhomogeneous plasma, however, the result
of the collisional motion is a net migration of particles from high-density regions to low-density
regions, consequently diffusion. The latter is a random-walk process. It can be shown that the
diffusion constant can be expressed as [15]:
De =
(∆x)
2
2∆t
.
In an heuristic basis, we expect that the time interval ∆t should be equal to the inverse
of the electron collision frequency νe and that step size equal to ∆x = vth∆t =
vth
νe
. Where
vth =
√
2kBTe
me
is the electron thermal velocity. Therefore, we obtain that:
De =
kBTe
meνe
.
Hence, electron diffusion could be described as a random walk process with a step length
∆x = vthνe . In the presence of an external force, such as an electric field, electrons, in spite of their
individual random thermal motion, drift on the average in the direction opposite to the electric
field. The parameter which describes the drift of particles in a plasma under the influence of an
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external electric field ~E is mobility,which is related to the diffusion constant through equation
3.6. From this simplified analysis we can observe that the diffusion and mobility coefficients can
be defined explicitly under any conditions where an average step length and time between steps
(collisions) can be defined.
3.2.2 Electron transport across the Magnetic Field.
In order to investigate the transport of electrons across ~B, we recall the electron momentum
equation:
0 = −ene
(
~E + ~ue ∧ ~B
)
− kTe∇ne −meneνe ~ue.
If we still consider ~B = Bxeˆx electron momentum equation is straightforward to solve also in
the direction perpendicular to ~B and yields [14]:
~ue⊥ = −µe⊥ ~E⊥ −De⊥ (∇ne)⊥
ne
−De⊥ (∇Te)⊥
Te
+
~uE
1 +
ν2e
ω2e
+
1
1 +
ν2e
ω2e
∇Pe ∧ ~B
eneB2
, (3.7)
where ~ue⊥ indicate the electron velocity perpendicular to the magnetic field, and (∇ne)⊥,
(∇Te)⊥ are respectively the component of the density gradient and electron temperature gradient
perpendicular to ~B, ωe =
eB
me
is the electron cyclotron frequency. µe⊥ is the cross-field electron
mobility and De⊥is the cross-field electron diffusion coefficient, these are the so-called classical
transport parameters:
µe⊥ =
µe
1 +
ω2e
ν2e
. (3.8)
De⊥ =
De
1 +
ω2e
ν2e
. (3.9)
The velocity ~uE is called ~E∧ ~B drift and is a drift perpendicular to both electric and magnetic
field
~uE =
~E ∧ ~B
B2
.
∇Pe∧ ~B
eneB2
is a drift perpendicular to both pressure gradient and magnetic field due to the presence
of a pressure gradient.
Equations 3.8, 3.9 shows how the cross- field electron mobility and diffusion coefficient are
reduced by a factor 1 +
ω2e
ν2e
w.r.t µe and De.The term 1 +
ω2e
ν2e
represent the effect of magnetic field
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on flow. Consequently, the effect of the magnetic field is to reduce electron motion due to electric
field and pressure gradient across ~B itself.
If we consider
ω2e
νe2
 1, cross-field mobility and diffusion coefficient become:
µe⊥ ' ν
2
eµe
ω2e
=
νeme
eB2
. (3.10)
De⊥ ' ν
2
eDe
ω2e
=
νemekBTe
eB2
. (3.11)
Equations 3.10, 3.11 show how in the presence of a magnetic field the role of collisions on
electron motion is change : cross field mobility and diffusion are directly proportional to the
collision frequency. Consequently, the motion across the magnetic field is promoted by collisions.
This results can be explained using the random-walk model. If
ω2e
νe2
 1 we have that :
De⊥ ' ν
2
eDe
ω2e
=
νekBTe
meω2e
≈ r
2
Lv
2
th
v2th
νe = r
2
Lνe.
This indicates that diffusion across the magnetic field is a random walk with a step length
equal to the Larmor radius rL. Indeed, in the presence of a magnetic field electrons rotate about
the ~B field line with a radius of rotation given by rL. Meanwhile, they move along the magnetic
field line due to their random thermal speed. If there were no collisions, particles would not
migrate across ~B and would simply continue to gyrate indefinitely about the same field line. Of
course many drifts across ~B may occur, due to gradients of plasma proprieties, curvature, or
electric fields perpendicular to ~B; however, in practice these are often arranged to form closed
drift orbits within a bounded plasma. For example, consider the case of an Hall thruster in which
we have a radial magnetic field and an axial electric field. As stated in Chapter 2 the electron
drift induced by the presence of the electric field is azimuthal and no net transport of plasma in
the axial direction occur due this drift.
On the other hand, when there are collisions, electrons trajectories are altered by a momentum-
transfer collision and can migrate across ~B by a random-walk process. When an electron collide
with another particle the direction of its velocity vector is changed by some finite angle. The
particle continues to gyrate about the magnetic field line in the same sense, but the location of
the gyro-center is changed. If there is a succession of collisions the gyro-center of an electron
undergoes a random-walk as shown in Fig 3.1.
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Figure 3.1: Diffusion of electrons across the magnetic field due to collisions
If we assume that the collision frequency is much less than the electron cyclotron frequency
(
ω2e
νe2
 1), so that many orbits around the magnetic field line are completed before a collision, the
electrons can be considered as predominantly confined along magnetic field lines with occasional
scattering collisions. The step size in the random-walk is therefore the Larmor radius rL and
the time interval between steps is again the inverse of the electron cyclotron frequency. In the
presence of an electric field electron drift in the average in the opposite direction of the electric
field and the perpendicular mobility is still related with the perpendicular diffusion coefficient by
relation 3.6.
Therefore, the role of the magnetic field is to force the electrons to gyrate about the field
lines. The transport of electrons across the magnetic field occur as a random motion due to
collisions. This mechanisms is described by ωeνe . The latter is known in the electric propulsion
community as the Hall parameter, and physically can be interpreted as a measure of electron
confinement by the magnetic field. As previously stated large values of the Hall parameter indicate
that many cyclotron orbits occur between collisions, such that the particle can be considered as
predominantly confined along magnetic field lines with occasional scattering collisions. Small
values of the Hall parameter indicate that the particle experiences many collisions each cyclotron
period and scatters easily across the magnetic field.
Now we apply similar considerations to a simplified scheme of an Hall thruster. The magnetic
field induction ~B is directed along the radial direction which coincide with the x axis, z indicates
the axial direction and y the azimuth as shown in Fig 3.2. Plasma proprieties within the discharge
channel are considered axisymmetric ∂∂y = 0 and the motion in the radial direction is neglected.
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Figure 3.2: Hall thruster simplified scheme
The electron equation of motion is:
0 = −ene
(
~E + ~ue ∧ ~B
)
−∇Pe −meneνe ~ue.
The z and y component are:0 = −eneEz + eneueyB − (∇Pe)z −meneνeuez z − direction0 = −eneuezB −meneνeuey y − direction
If we introduce the electron current density ~je = ene ~ue:0 = −eneEz + jeyB − (∇Pe)z −meνe
jez
e z − direction
0 = −jezB −meνe jeye y − direction
(3.12)
From the y momentum component we have:
jey = −ωe
νe
jey. (3.13)
If we introduce the generalized electric field defined as E∗z = Ez +
(∇Pe)z
ene
and using 3.13 the
z momentum component can be written:
0 = −eneE∗z −meνejez −meνe
jez
e
.
Finally, for the two component of the electron density current we have:
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jez = − nee
2
meνe
1
1 +
ω2e
ν2e
E∗z ,
jey =
ωe
νe
nee
2
meνe
1
1 +
ω2e
ν2e
E∗z .
Typically, in Hall thrusters we can consider
ω2e
νe2
 1 :
jez = −ne νeme
eB2
E∗z . (3.14)
jey =
neeE
∗
z
B
. (3.15)
The axial electron current density is proportional to the collision frequency and inversely
proportional to the square of the magnetic induction. Equations 3.14 and 3.15 shows again the
importance of collision for electrons transport in Hall thrusters: without collision no electron
axial motion could happen and electron are trapped in an azimuthal drift.
If we neglect pressure gradient and in the absence of collisions we have:
jez = 0 =⇒ uez = 0,
jey = nee
Ez
B
=⇒ uey = Ez
B
.
Without collision the electron are trapped in cyclotron orbits and ~E ∧ ~B motion and cannot
drift or diffuse along the electric field.
If we use equation 3.10 we have:
jez = −neµe⊥E∗z . (3.16)
Thus the cross field electron mobility could be expressed as the ratio between the axial elec-
tron current density and product between density and the generalized electric field E∗z . The
latter coincide with the axial electric field Ez if the electron pressure contribution is neglected.
Therefore, we have:
µe⊥ =
jez
neE∗z
. (3.17)
Again, is important to outline that the magnetic field impedes electron motion in the axial
direction. Hence, the collisions are essential for electron transport across the magnetic field and
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the cross field mobility (as well as the electron diffusion coefficient) should scale with 1B2
The ratio between the modulus of azimuthal and axial electron current is the Hall parameter:
jey
jez
=
eB
meνe
=
ωe
νe
= β. (3.18)
β is the tangent of the angle comprised between the ~je and ~jez. Large values of the Hall
parameter indicate that jey  jex , therefore, electron mainly drift in the azimuthal direction
and their motion could be interpreted as the so-called ~E ∧ ~B drift.
Equation 3.18 tells us that the Hall parameter should be proportional to the magnetic field
induction, thus high values B should imply high values of β. The typically value that the Hall
parameter is expected to assume in Hall thruster is close to 200-300 [16].
Here we have just presented only a simplified scheme of the behavior of plasma in an Hall
thruster. However it is sufficient to outline the main characteristic of classical transport:
1. Collisions are necessary for electron transport across the magnetic field.
2. Electron mobility scales with 1B2 .
3. Hall parameter scales with B.
3.3 Anomalous Transport
The radial magnetic field and the axial electric field trap the electrons in an azimuthal closed-
drift and, according to classical theory, the only mechanism that allows the electrons to drift
axially is the collisions with other species. However, it was experimentally observed that, if an
electron collision frequency based only on the electron-neutral and electron-ion interactions is
used., the electron density current experimentally observed is greater than the one which derive
from equation 3.16 [4, 5, 6]. Consequently, collisions seems to be unable to provide the sufficient
cross-field transport to support the discharge current passing through the thruster [4, 5, 6]. Thus,
another mechanism, different from collision, is suspected to enhance the electron mobility and
consequently electron current inside the thruster. The term anomalous transport,or anomalous
diffusion, or anomalous mobility, is used to refer to this unknown mechanism that is suspected
to induce this higher than expected electron mobility. As stated in Chapter 2 the problem of
anomalous electron transport doesn’t affect only Hall thruster. Anomalous diffusion has been
observed in many other devices including stellarators, magnetrons, homopolar devices and ion
implantation systems, all device where it is present a crossed structure of the magnetic and electric
fields [17, 18]. This type of devices are generally referred as cross-field devices.
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The principal experimental evidences regarding electron mobility in cross-field devices are
[3, 4, 5, 6, 9, 19]:
1. There is a reduction of electron mobility in the region of high magnetic field. Therefore,
the electron mobility if effectively reduced by the presence of the magnetic field .
2. Differently from what predicted by classical transport theories
(
µe⊥ ∼ 1B2
)
the electron mobility scales as 1B . Consequently the effective electron mobility is higher
than the one expected using classical transport.
As claimed in Chapter 2, currently there is no agreement about the mechanism behind anomalous
transport, but the most accepted explanations are two:
1. Plasma oscillations (referred to as Bohm-type diffusion as well as turbulence):
based on the fact that correlated azimuthal oscillations of density and electric field can
induce a net axial electron current [7].
2. Near wall conductivity: based on the fact that secondary electrons emitted by the walls
introduce a net axial current[8].
However, as outlined in Chapter 2 the effective electron transport induced by electrons-wall
interactions seems not to be sufficient to explain experimental evidences [9, 10].Furthermore,
near wall conductivity does not seem to explain the anomalous diffusion scaling with 1B , and
many simulation codes that introduce near wall conductivity still need turbulent diffusion to
match the electron conductivity measured experimentally [9].
On the other hand, several experiments have confirmed with various techniques the presence of
azimuthal oscillations [See Chapter 4] and, as will be explained in the following sections, azimuthal
oscillations induce an electron transport that scales with 1B [See section 3.3]. Therefore, the most
acceted explanation for anomalous diffusion is fluctuation-induced transport.
In the following subsections, first we give a brief description of the experimental results ob-
tained in 1946 by David Bohm, who first observed anomalous mobility in a crossed-field device,
subsequently we give a theoretical explanation of the fluctuation induced transport.
3.4 Fluctuation-Induced Transport
Fluctuation-induced transport is seen to be a likely explanation for anomalous diffusion, since is
well known that plasma proprieties inside the channel are non-quiescent and exhibit oscillations
over a wide frequency range [See Chapter 4].
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Several instabilities in Hall thrusters are well documented and have a strong relation with the
discharge current oscillations [11, 20, 21]. Plasma fluctuation can be shown to affect significantly
electron mobility [4, 5, 6, 10, 18]. Furthermore, fluctuation induced transport can scale with 1B .
Fluctuation induced transport, or turbulent transport, is a collisionless transport mechanism
where induced fluctuations in the electromagnetic fields of the Hall thruster plasma create axial
~E ∧ ~B drift components, carrying electrons across the applied magnetic field.
If there is a density fluctuation in the azimuthal direction in order to maintain quasi-neutrality
a fluctuating azimuthal electric field also in the Hall direction must be set up. The fluctuating
electric field creates a fluctuating axial ~E ∧ ~B drift, which displaces electrons across the magnetic
field.
David Bohm was the first to derive the theory of this type of transport [3]. In 1946 , while
he was working on uranium isotope separation in magnetically connected arcs, he observed a
dependence of the cross-field electron diffusion coefficient on the magnetic field as 1B , rather than
1
B2 and that De⊥ could be described by a semi-empirical expression [3]:
DB =
1
16
kBTe
eB
.
DB is called Bohm diffusion coefficient and the factor
1
16 in its definition was chosen to fit the
experimental results. Bohm makes an attempt to quantify the diffusion transport in terms of a
random walk of the ~E ∧ ~B drift of electrons.
Electrostatic turbolence give rise to a fluctuating electric field ~E = −∇φ, which affects the
motion of electrons. ~E can be considered constant over the small length and time scale of the
electron gyration around the magnetic field. This fluctuating electric field induce a drift across
the magnetic field given by:
~uE =
~E ∧ ~B
B
.
The random-walk step size due to this random drift velocity of electron guiding centers is:
4x = −4t∇φ
B
= −4t 4φ4xB .
Because of the Debye shielding the maximum potential that can arise in the plasma is pro-
portional to the electron temperature [14]:
4φ = αB kBTe
e
.
The corresponding diffusion coefficient derived from the random walk model is:
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DB =
(4x)2
24t = αB
kBTe
eB
.
Where the factor 12 has been included into the proportionality constant αB . The original value
αB =
1
16 chosen by Bohm turns out to agree with many experiments within a factor of two to
three.
Through Einstein relation we can define the correspondent Bohm mobility µB :
µB = µe⊥ =
1
16B
=
e
16meωe
.
Which scales as 1B , in accordance with experiments. It is worth noting that if electron collision
frequency is νe = νB =
ωe
16 the same expression of Bohm mobility could be found from relation
3.10. νB is called Bohm collision frequency. As we will see in the following subsection Bohm
mobility could assume a more general expression: µB =
αB
B . Where αB is a factor used in
numerical simulation to account for anomalous transport,which is called Bohm coefficient.αB can
be a constant different from 116 or even not constant.
It can be shown that fluctuation induced transport is a second order effect in both plasma
density and potential fluctuation. With this purpose we consider a simplified scheme of the Hall
thruster: we assume a pure radial magnetic field, that all the plasma proprieties are uniform
along the radius and in addition we make a quasi planar approximation ( no cylindrical effects)
of the Hall thruster. Therefore, we can describe the plasma dynamics at the mean radius R of
the thruster using a Cartesian reference frame. The reference frame adopted is indicated in Fig
3.2, where x indicates the radial direction, z the thruster axis and y the azimuthal direction.
Consider an azimuthal sinusoidal fluctuation of both plasma density and potential superimposed
to a steady state solution, indicated with the subscript 0, in which a generic plasma proprieties
is only a function of the axial coordinate:
φ = φ0 + φ
′
cos(kyy − ft),
ne = ne0 + n
′
e cos(kyt− ft+ ϕ),
where with φ0 and ne0 we indicate the stationary values of plasma potential and density. f
is the oscillation frequency and ky is the azimuthal wave number. The period of the waves is
T = 2pif . Note that y varies from 0 to 2piR and that in order to respect azimuthal continuity
the azimuthal wave number must assume a discrete value:ky =
2pim
L =
m
R , where m is an integer
number. The azimuthal plasma potential fluctuations induces an azimuthal electric field, the
latter induce a new ~E ∧ ~B drift component in the axial direction:
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u
′
ez =
1
B
dφ
dy
= −ky φ
′
B
sin(kyy − ft).
The new axial current density due to this new velocity component is:
j
′
ez = eneu
′
ez = −e
[
ne0ky
φ
′
B
sin(kyy − ft) + ky n
′
eφ
′
B
sin(kyy − ft) cos(kyy − ft+ ϕ)
]
.
We indicate j′ex the azimuthal average of j′ez:
j′ez = 12piR ´ 2piR0 j′eydy = ...
= 12piR
´ 2piR
0
−e
(
ne0ky
φ
′
B sin(kyy − ft) + ky n
′
eφ
′
B sin(kyy − ft) cos(kyy − ft+ ϕ)
)
dy.
Consider the first term inside the integral, taking into account that ky =
2pim
L =
m
R :
ˆ 2piR
0
ne0ky
φ
′
B
sin(kyy − ft)dy = kyne0φ
′
B
ˆ 2piR
0
sin(kyy − ft) = 0.
The second term instead:
´ 2piR
0
ky
n
′
eφ
′
B sin(kyy − ft) cos(kyy − ft+ ϕ)dy = ...
=
kyn
′
eφ
′
B
´ 2piR
0
(
sin(kyy − ft) cos(kyy − ft) cos(ϕ) + sin2(kyy − ft) sin(ϕ)
)
dy = ...
=
kyn
′
eφ
′
B sin(ϕ)
´ 2piR
0
1−cos 2(kyy−ft)
2 = piR
kyn
′
eφ
′
B sin(ϕ).
Consequently we obtain that the average azimuthal electron density current can be written
as:
j′ez = −ekyn′eφ′2B sin(ϕ).
If ϕ 6= 0, i.e. if the fluctuation of density and potential are out of phase, we have a net
axial electron current density which scales with 1B .These simple considerations are sufficient for
outlining that oscillation-induced transport is a second order effect of the fluctuation of density
and electric field. If an azimuthal plasma wave with correlated perturbation of plasma density
and azimuthal electric field is present, it drives and additional electron current, whose dependence
on the magnetic field is in agreement with experimental results.
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A further insight in oscillation induced transport could be obtained if we still consider the
quasi-planar approximation of an Hall thruster and the reference frame showed in 3.2. Consider
the electron equation of motion:
0 = −∇ (kBneTe)− ene
(
~E + ~ue ∧ ~B
)
−meneνe~ue.
We neglect the magnetic field induced by the currents that flows within the plasma , thus ~B is
equal to the one externally applied, which is stationary, solenoidal and irrotational, consequently
the electric field can be written as ~E = −∇φ, where φ is the plasma potential. Furthermore, the
magnetic field is still consider purely radial.
If we define ~E∗ = ~E+ ∇(kBneTe)ene , the electron velocity perpendicular to the magnetic field can
be written as:
~je⊥ = −µe⊥ene ~E∗⊥ + ene
~E∗ ∧ ~B
B2
(
1 +
ν2e
ω2e
) = −µe⊥ene ~E∗⊥ + ωeµe⊥
νeB
ene ~E∗ ∧ ~B.
In the z and y direction:
jez = −µe⊥eneE∗z − ωeνe µe⊥eneE∗y . 3.19ajey = −µe⊥eneE∗y + ωeνe µe⊥eneE∗z . 3.19b , (3.19)
where we have:
E∗z = Ez + 1ene
∂(kBneTe)
∂z = −∂φ∂z + 1ene
∂(kBneTe)
∂z
E∗y = Ey +
1
ene
∂(kBneTe)
∂y = −∂φ∂y + 1ene
∂(kBneTe)
∂y
,
For an axisymmetric solution E∗y is zero. However, if azimuthal oscillation are presents E
∗
y 6= 0
and due to the fact that ωeνe µe⊥  µe⊥ ( in a Hall thruster we can consider ωeνe  1), the term
ωe
νe
µe⊥E∗y may be important and contribute to axial transport. Note that in an Hall effect thruster
we can consider that ∂∂z  ∂∂y . Therefore, E∗z  E∗y .
In equation 3.19b we can assume that
eneµe⊥E∗y
ene
ωe
νe
µe⊥E∗z
=
E∗y
ωe
νe
E∗z
=
νe
ωe
E∗y
E∗z
 1.
.
Therefore, system 3.19 can be written as:
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jez = −µe⊥
(
−ene ∂φ∂z + ∂(kBneTe)∂z
)
− ωeνe µe⊥
(
−ene ∂φ∂y + ∂(kBneTe)∂y
)
3.20a
jey =
ωe
νe
µe⊥
(
−ene ∂φ∂z + ∂(kBneTe)∂z
)
. 3.20b
(3.20)
If we introduce a perturbation of plasma potential and density such that:φ(y, z, t) = φ0(z) + φ
′
(y, z, t)
ne(y, z, t) = ne0(z) + n
′
e(y, z, t)
,
where φ0(z) and ne0(z) represent the temporal azimuthal average of the plasma potential and
density: φ0(z) =
1
2piRT
´ 2piR
0
´ t+T2
t−T2
φ(y, z, t)dtdy
ne0(z) =
1
2piRT
´ 2piR
0
´ t+T2
t−T2
ne(y, z, t)dtdy
,
where if T
′
is the typical period of the perturbation we must have that T  T ′ . Note that in
order to respect azimuthal continuity we must have that: φ
′
(0, z, t) = φ
′
(2piR, z, t),n
′
e(0, z, t) =
n
′
e(2piR, z, t). Note also that we are neglecting perturbation of the electron temperature, collision
frequency and electron velocity. Therefore, Te = Te0(z),νe = νe0(z), ~ue = ~ue0(z). Consequently,
system 3.20 can be written as:
jez = −µe⊥0
[
e
(
ne0 + n
′
e
)(
−∂φ0∂z − ∂φ
′
∂z
)
+
∂
(
kB
(
ne0+n
′
e
)
Te0
)
∂z
]
− ωeνe0µe⊥0
[(
ne0 + n
′
e
)(
−∂φ
′
∂y
)
+
∂
(
kB
(
ne0+n
′
e
)
Te0
)
∂y
]
jey =
ωe
νe0
µe⊥0
((
ne0 + n
′
e
)(
−∂φ0∂z − ∂φ
′
∂z
)
+
∂
(
kB
(
ne0+n
′
e
)
Te
)
∂z
) .
If we indicate with q the temporal azimuthal average of the generic variable q and if we take
the average of system 3.20 we obtain:

jez0 = ene0uez0 = −µe⊥0
(
−ene0 ∂φ0∂z − en′e ∂φ
′
∂z +
∂(kBne0Te0)
∂z
)
− ωeνe0µe⊥0
(
−en′e ∂φ
′
∂y
)
. 3.21a
jey0 = ene0uey0 =
ωe
νe0
µe⊥0
(
−ene0 ∂φ0∂z − en′e ∂φ
′
∂z +
∂(kBne0Te0)
∂z
)
. 3.21b
(3.21)
Where we exploited that:
1. q′ = 0
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2. ∂q
′
∂z =
1
2piRT
´ 2piR
0
´ t+T2
t−T2
∂q
′
∂z dtdy =
1
2piRT
∂
∂z
´ 2piR
0
´ t+T2
t−T2
q
′
dtdy = 12piRT
∂q′
∂z = 0
3. ∂q
′
∂y =
1
2piRT
´ 2piR
0
´ t+T2
t−T2
∂q
′
∂y dtdy =
1
2piRT
´ t+T2
t−T2
[
q
′
]2piR
0
dt = 0.Due to azimuthal continuity.
If in system 3.21 we assume that ene0
∂φ0
∂z  en′e ∂φ
′
∂z , we obtain:

jez0 = ene0uez0 = −µe⊥0
(
−ene0 ∂φ0∂z + ∂(kBne0Te0)∂z
)
+ ωeνe0µe⊥0
(
en′e
∂φ′
∂y
)
3.22a
jey0 = ene0uey0 =
ωe
νe0
µe⊥0
(
−ene0 ∂φ0∂z + ∂(kBne0Te0)∂z
)
3.22b
. (3.22)
The term ωeνe0µe⊥0
(
en′e
∂φ′
∂y
)
represent the contribution to electron transport due to plasma
potential and density fluctuation, which can be written as:
ωe
νe0
µe⊥0
(
en′e
∂φ′
∂y
)
= −ωe me
eB2
(
en′eE
′
y
)
= − 1
B
(
en′eE
′
y
)
.
System 3.22 become:
jez0 = ene0uez0 = −µe⊥0
(
−ene0 ∂φ0∂z + ∂(kBne0Te0)∂z
)
− 1B
(
en′eE
′
y
)
3.23a
jey0 = ene0uey0 =
1
B
(
−ene0 ∂φ0∂z + ∂(kBne0Te0)∂z
)
3.23b
. (3.23)
If we define an effective collision frequency:
νeff = νe0 +
ωe
B
(
en′eE
′
y
)
jez0
= νe0 + αBωe,
where:
αB =
1
B
(
en′eE
′
y
)
jez0
,
equation 3.23a can be written as:
jez0 = ene0uez0 = −
(
µe⊥0 + 1B2
(
en′eE
′
y
)
jez0
)(
−ene0 ∂φ0∂z + ∂(kBne0Te0)∂z
)
=
= − meeB2
(
νe0 +
ωe
B
(
en′eE
′
y
)
jez0
)(
−ene0 ∂φ0∂z + ∂(kBne0Te0)∂z
)
.
Consequently, if we define an effective electron mobility (µe⊥)eff :
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(µe⊥)eff =
νeffme
eB
.
We can write:jez0 = ene0uez0 = −(µe⊥)eff
(
−ene0 ∂φ0∂z + ∂(kBne0Te0)∂z
)
. 3.24a
jey0 = ene0uey0 =
ωe
νeff
(µe⊥)eff
(
−ene0 ∂φ0∂z + ∂(kBne0Te0)∂z
)
. 3.24b
(3.24)
If the transport due to plasma fluctuation dominates we have that:
(µe⊥)eff =
αB
B
∼ 1
B
. (3.25)
Therefore, we obtain an effective electron mobility which is inversely proportional to the
magnetic field strength as predicted by the experiment.αB is in principle a function of the point
along the discharge channel because n′eE
′
y = n
′
eE
′
y (z). It is important to outline that we haven’t
done assumption on the propagation angle of the perturbation of plasma potential and density,
indeed we retain dependence of φ
′
and n
′
e from the axial coordinate. Therefore, not only azimuthal
oscillation of the plasma proprieties contribute to electron transport. Indeed, plasma proprieties
fluctuation can produce electron transport at various propagation angle, if n′eE
′
y 6= 0. However,
this analysis reinforce the idea that electron transport due to plasma fluctuation is a second order
effect in plasma density and potential fluctuation. The effective hall parameter is:
βeff =
ωe
νeff
= αB .
Which is not directly dependent on the magnetic field induction. In conclusion in this subsec-
tion we showed how a correlated azimuthal oscillation of density and electric field lead to net axial
current, this type of transport has an effective electron mobility which is inversely proportional
to the magnetic field strength, which is accord with experimental results.
3.5 Anomalous transport in stationary thruster simulation
Is important to outline that system 3.24 is equivalent to electron equation of motion where νe is
substituted with νeff :
0 = −∇ (kBneTe)− ene
(
~E + ~ue ∧ ~B
)
−meneνeff~ue. (3.26)
In this equation all the variables are function only of the variable z. Equation 3.26 is equal to
equation 3.1, with the exception of that the collision frequency has been replaced with an effec-
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tive collision frequency, which takes into account plasma oscillations effects. This consideration
suggests the idea to include effects due to plasma oscillations through the definition of an effective
collision frequency νeff .νeff is defined as the sum of electron-ion and electron-neutral collision
frequencies (νei, νen), and of an equivalent collision frequency (νano)which is called anomalous
collision frequency:
νeff = νen + νei + νano,
where:
νano = αBωe.
αB is called anomalous diffusion coefficient and is in principle a function of the point through-
out the discharge channel and of the operating condition of the thruster. The inclusion of tur-
bulent effect on electron transport was effectively accomplished by many authors through the
definition of an anomalous collision frequency [10, 22, 23]. αB in numerical simulation can as-
sume many different functional forms, from a pure constant to a function which varies spatially
within the discharge channel. For example Fife in [22] used a constant value αB over the whole
simulation domain, while Mikellides [23] used three regions of varied Bohm mobility in the up-
dated version of Fife’s code HPHall-2, with the three regions corresponding to the near-anode
region, the ionization-acceleration zone, and the near-field plume. Mikellides in [24, 13]used a
functional form αB = αB(z) where z is the axial coordinate across the simulation domain. Un-
fortunately a correct form for αB has yet to emerge and this is due to the extremely complexity
of the oscillations modes of the plasma in Hall thruster (as described. in Chapter 4). Numerical
simulations of HET plasma discharge, typically model anomalous collisionality through the inclu-
sion of semi-empirical coefficients. Therefore, Hall thruster models usually require a calibration
with experimental data.
It is worth also to observe that the definition of the anomalous collision frequency resembles
the definition of the Bohm collision frequency νB given in Sec 3.4. In the case of Bohm collision
frequency we have that αB =
1
16 . Therefore, the anomalous collision frequency is usually referred
also as Bohm collision frequency and αB could be called Bohm diffusion coefficient.
3.6 Yoshikawa’s Theory of turbulent field fluctuations
In this section we present a brief overview of the theory developed by Yoshikawa and Rose 1962
[7], regarding the anomalous diffusion of plasma across the magnetic field. The results of this
theory was used by many authors to compute the electron current effectively driven by azimuthal
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plasma oscillations [4, 5, 6, 12]. Yoshikawa and Rose in their paper presented a rigorous non-linear
derivation that predicts a collisionless net transport arising out of random fluctuations in density
(isotropic turbulence). The purpose of Yoshikawa and Rose’ s work was to theoretically derive
the Bohm coefficient, αB . They describe the mechanism driving transport by realizing that a
density fluctuation in the ~E ∧ ~B direction would correspond to a fluctuating electric field also in
the ~E ∧ ~B direction. The fluctuating electric field creates a fluctuating axial ~E ∧ ~B drift , where
Yoshikawa and Rose also recognize that net transport must be due to a second-order effect. The
mathematics behind Yoshikawa derivation is quite involved and here we present only the final
result.
The predicted electron flux in the axial direction z that arise from perturbations is:
Γez = −Sene piε
4B
, (3.27)
where:
ε = Ez +
kBTe
e
(∇ne)z
ne
, (3.28)
S =
〈(
n
′
e − ne0
)2〉
n2e0
, (3.29)
n
′
e is the value of the density fluctuation, ne0 is the unperturbed value of the density and 〈...〉
indicates the root mean square.
From equations 3.17, 3.25, 3.27, 3.28 and 3.29 the cross field mobility and diffusion coefficient
are:
µe⊥ =
pi
4B
〈(
n
′
e − ne0
)2〉
n2e0
, (3.30)
De⊥ =
kBpiTe
4eB
〈(
n
′
e − ne0
)2〉
n2e0
. (3.31)
Comparing with equation 3.25 we can observe that
αB =
pi
4
〈(
n
′
e − ne0
)2〉
n2e0
. (3.32)
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For a sinusoidal perturbation ne = ne0 + n
′
e sin θ:
αB =
pi
8
n
′2
e
n2e0
. (3.33)
Chapter 4
Oscillations in Hall Effect
Thrusters
4.1 Oscillations Overview
The plasma environment of a Hall thruster is known to be non-quiescent. Oscillations of the
plasma proprieties in the discharge channel were observed and characterized over a large range
of frequencies spanning from 1 kHz to 60 MHz [11].
Oscillations in Hall thrusters can even lead to an extinction of the discharge and affect the
performance and the operational mode of the thruster. The origins of such oscillations are related
to ionization, particle diffusion, and ion’s acceleration processes. However, the mechanisms behind
the origins of many of them remains still poorly understood, as well as the role they have on
determining the performance of the thruster. A comprehensive study of oscillations in Hall
thrusters focusing on data taken from the SPT-100 and organized by frequency band was presented
by Choueiri [11]. Choueiri, in his work, gave a detailed analysis of different type of oscillations
which have been experimentally verified in Hall thrusters, indicating their frequency range, the
operating regime of the thruster at which are expected to occur and giving also stability criteria
and dispersion relation regarding such oscillations. Here we summarize the work of Choueri
outlining the main features of oscillations in Hall thrusters.
Oscillations of the discharge current in Hall thrusters was observed over a wide spectrum of
frequencies. The amplitudes and frequency of such oscillations depend on the operating regime
of the thruster. The latter is identified by the discharge voltage, the magnetic field strength, the
geometry, the anode mass flow rate and the cathode mass flow rate.
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The operative parameters that affects discharge current oscillations can be summarized as
[11]:
1. Anode mass flow rate and propellant type.
2. Applied voltage.
3. Initial and time-evolving geometry.
4. Degree of contamination of the discharge chamber.
5. Cathode mass flow rate and location.
6. PPU characteristics and configuration.
7. Magnetic field profile and magnitude.
Oscillations of the discharge current are the results of plasma oscillations inside the channel and
the plume, the amplitude and the frequency of the latter not only depend on the operating regime
of the thruster but also on the axial location inside the channel.
The strong dependence of discharge current oscillations on the magnetic field strength offers
the opportunity to describe the oscillatory modes of the thruster as a function of the maximum
value of ~B, with all other operating parameters (geometry, mass flow rate, discharge voltage) held
constant.
This is the approach taken by in 1977 Tilinin [25], who conducted, on an SPT 100, a detailed
analysis of oscillations modes for varying magnetic field strength. Tilinin identified six major
regimes of operation, each characterized by a general spectrum of oscillations and by a limit for
the discharge current amplitude oscillation.
These regimes are classified by means of the ratio between the maximum applied magnetic field
Bmax and an optimum maximum magnetic field (Bmax)opt. (Bmax)opt is determined holding the
discharge voltage constant and varying the peak of the magnetic field until the discharge current
reaches a minimum, the regime in which Bmax = (Bmax)opt is called “optimum”. In Figure 4.1
the six regimes identified by Tilinin are showed.
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Figure 4.1: Discharge current as a function of magnetic field with constant discharge voltage
showing the operational regimes defined by Tilinin.
The six regimes are [26]:
(I) Collisional (classical) conductivity: The amplitude of the oscillations is very low
both for low and high frequency oscillations. In this regime classical transport theory
is sufficient for explaining electron conductivity.
(II) Regular electron drift wave: It ı`s observed a wave propagating in the azimuthal
direction propagating with a velocity of about 0.2 ~E ∧ ~B. This wave has a ”spoke”
connecting the anode with the open end of the thruster.
(III) Transitional regime: Moderate amplitude axial oscillations within the band 1-
20kHz are present.
(IV) Optimal regime: The thruster efficiency is maximized and stable operation is ob-
served.
(V) Regime of macroscopic instability: A jump in discharge current is observed for a
larger magnetic field above the optimal one. The discharge current oscillation is very
strong and strong axial oscillations in the band 1-20kHz are observed. The waves
observed in regime II disappeared completely.
(VI) Magnetic-saturation regime: The discharge is stabilized again. High frequency os-
cillation and turbulence are dominant. In this regime the amplitude of high frequency
oscillations (1-100MHz) reaches a maximum.
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Note these definitions were developed using an older SPT type thruster almost 40 years ago and
as noted by Sekerak [27], in modern Hall effect even if the general shape depicted in Fig 4.1 is
still valid, the description of oscillations and regimes are significantly different.
Choueiri in [11] classified also the plasma oscillations, observed in the various regimes by
Tilinin, for frequency band at which they occur and gave description of the various modes ob-
served.The results are summarized in table 4.1 (Reproduced from Table I of [11]).
Table 4.1: Character of measured oscillation spectra as a function of the maximum value of the
magnetic field (Bmax) normalized by its optimal value. Table and capture reproduced from Table
I of [11]
We give now a description of the various type of waves indicated in table 4.1 summarizing the
work done by Choueiri in [11].
1. Bulk discharge oscillations in the 1-20 kHz band ( Breathing oscillations).
 When magnetic field peak (Bmax) is equal to about half of (Bmax)opt, these oscillation
become dominant. On the other hand these oscillation are damped when Bmax is
between 0.8 and 1 of (Bmax)opt.Their amplitude become high again when Bmaxis
increased a little upon (Bmax)opt. When Bmax is further increased a severe onset of
oscillations occurs in this frequency band and these oscillations could even cause the
extinction of the dischage.
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 These oscillations are caused by periodic depletion and replenishment of the neutral
near the exit. In that region the magnetic field is large, the electron mobility is low
and to maintain current continuity the electric field increase. This increase of the
electric field increase electron temperature and consequently ionization is enhanced in
this region. This mechanism leads to a decrease in neutral density causing the front
of the neutral flow to move towards the anode into a region where the ionization rate
is lower. This cause the ionization to abate near the exit and that brings back the
neutral. Again the increase of the neutral density in the region with high electric field
makes possible an increase of the ionization in this region, which leads to a depletion
of the neutral atom density and so on. This mechanism is translated to an axial oscil-
lation of the plasma proprieties, whose frequency falls in the 15–22 kHz range. Usually
these oscillations are referred in literature as ”breathing mode”, because as claimed by
Sekerak [27] “the ionization front is shown to move back and forth in the discharge
channel and the thruster appears to inhale neutrals and exhale plasma”.
A simple analytical zero-order model for describing the breathing mode is pretended in
[22]. The ionization zone is represented as a homogeneous “box” of length L.Neutrals
are assumed to enter the box with a flux nnun, but aren’t able to escape. On the
other hand ions leave the box with a flux niui, but no ions enter the box. Ionization
occurs inside the box at a rate ξ (Te)ninn. The particle conservation equations for
both species are.
∂ni
∂t
= ξ (Te)ninn − niui
L
,
∂nn
∂t
= −ξ (Te)ninn + nnun
L
.
A small perturbation of the neutral and ion density is introduced:
ni = ni0 + n
′
i,
nn = nn0 + n
′
n,
where the 0 subscripts denote unperturbed quantities.Then the conservation equation
are linearized and combined. Taking into account that ξnn0 =
ui
L and ξni0 =
un
L , we
obtain:
∂2n
′
i
∂t2
+ ξ (Te)
2
ni0nn0n
′
n = 0.
This equation represent a undamped harmonic oscillator with a frequency :
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f =
√
ξ (Te)
2
ni0nn0
2pi
=
1
2piL
√
uiun.
Choueiri computed f using typical value of the SPT 100. Precisely ni0 = 3.33 ·
1017m−3,nn0 = 2 · 1019m−3,ξ = 3.03 · 10−14 yield an oscillation frequency of about
12kHz.
In spite of, an experimental and theoretical characterization of this mode has emerged,
a rigorous explanation for the damping of this oscillation for a certain range of magnetic
field strength has yet to emerge.
2. Rotating spoke and azimuthal oscillations in the 5–25 kHz band
 In this frequency band fall azimuthal plasma oscillations related with ionization.
Choueiri claimed that these oscillations were observed prevalently in the near anode
region and that under some conditions (low discharge voltage) can be present in the
whole channel. Rotating spoke are described as a density fluctuation which propa-
gate in the same direction of the ~E ∧ ~B drift, with a phase velocity about 0.2 ~E ∧ ~B
and an azimuthal tilt of about 15-25 degrees. The fundamental frequencies of the
spoke lie between 5 and 25 kHz. Furthermore, Choueiri pointed out that for a fixed
magnetic field (profile and magnitude) the appearance and amplitude of these oscil-
lations depend on the location of the operating point along the current–voltage curve
of the thruster. They seem to be dominant at low discharge voltage and to diminish
in amplitude at higher voltage, becoming very weak in the current saturation part of
the current–voltage characteristic, except in the vicinity of the anode. He gave also a
plausible explanation for the origin of spokes. He hypothesized that the mechanism
behind the formation of the spoke can be attributed to a coupling between the density
nonuniformities and the ionization process with the tilt of the spoke determined by
how far an ionization wave propagates along the anode while an ion is accelerated
through the discharge. The spoke can thus be thought as the result of an incomplete
ionization of the gas and rapid loss of newly born ions.
However, Choueiri made clear that:
”Aside from such qualitative explanations, the detailed physics of this mode
in the Hall thruster plasma remain largely unexplored.”
Usually in literature these spokes were identified as responsible for anomalous
diffusion by many authors [4, 9, 12] and many attempts were made in order to
4.1. OSCILLATIONS OVERVIEW 41
clarifies the origins of these oscillations and the role they plays within the Hall
thrusters discharge. A more detailed description of the rotating spoke can be
found in subsection 4.2.
3. Gradient-induced oscillations in the 20–60 kHz band
 These azimuthal oscillations have frequencies higher than rotating spokes, occur in a
frequency band larger than the one associated with rotating spoke and their amplitude
is a strong function of the magnetic field profile. Their propagation velocity is typically
about 0.2–0.8 ~E ∧ ~B . As explained by Choueiri, who follow the work of Esipchuk and
Tilinin in [28], these azimuthal oscillations are not directly related to the ionization
process. The mathematical description of these oscillations can be obtained considering
a simple non reacting (no ionization or recombination) two-fluid (ions and electrons)
plasma description, in which the ions are considered unmagnetized and the electron
Hall parameter is considered infinitely large (electron motion is purely azimuthal). In
his work Choueiri shows that, these oscillations to occur only if:
∂
∂z
(
Br
ne
)
< 0,
where Br is the radial component of the magnetic field and ne is the plasma density.
Choueiri apply these stability criteria to the SPT 100 and found that the plasma is
stable to these disturbances for most of the channel except for a small region near the
exit, which falls in the part of the plasma where ∂∂z
(
Br
ne
)
< 0. Moreover, Choueiri
claimed that these waves do not in principle represent a formidable problem to Hall
thruster operation since the thruster is nominally operated in the optimal regime,
with a magnetic field profile that does not favor their growth throughout most of the
discharge.
4. Oscillations in the frequency band 20–100 kHz.
 In addition to azimuthal oscillations induced by the density and magnetic field gra-
dient there are other type of oscillations whose frequencies fall in the 20 − 100kHz
band. However, he argued that since the azimuthal waves (which seems to be related
with anomalous transport) described previously, fall within that band, other possible
contribution from non azimuthal oscillations did not receive as much characterization
in the literature. Choueiri claimed that the oscillations in this band may be related to
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either a gradient driven instability or an ionization-type instability. It is also possible
that both mechanisms contribute to the inception of instabilities in this band.
5. Oscillations in the frequency band 70–500 kHz.
 Oscillations in this frequency band are called“transient-time”oscillations because their
characteristic frequencies are nearly equal to the inverse of the residence time of ion
inside the channel. They are quasi axially electrostatic waves and have a turbulent
nature. They are present in the “optimal” regime. Increasing Bmax, these oscillations
become prominent and increase in importance. The amplitude of these oscillation
through the channel is strongly dependent on the magnetic field profile. Their charac-
teristic and dependencies are foresee by the same linear theory which can be used to
study gradient induced oscillations in the 20− 60kHz band imposing an almost axial
propagation. Finally, their spectrum seems to be independent on the mass flow rate,
once the discharge voltage is fixed.
6. Oscillations in the frequency band 0.5–5 MHz and higher.
 High frequency oscillations become dominant as Bmax is increased, as illustrated in
Table 4.1. Also in the optimal regime of operation, oscillation with frequencies equal
and higher than the “ transient-time” oscillations are more prominent than the lower
frequencies fluctuations such as the breathing instability and low frequency azimuthal
waves. However as stated by Choueiri:
” The high frequency oscillations in the Hall thruster seem to have received
less attention than their lower frequency counterparts”
A survey of the Hall thruster oscillations can be made by varying the discharge voltage instead
of varying the magnetic field. This is the approach followed by Gascon [21] in which they char-
acterize the operating modes of the SPT100-ML by varying the discharge voltage, maintaining
the magnetic field topology constant. With an anode mass flow rate of 3.5mgs and using various
material for the discharge channel walls: Borosil, Alumina, Silicon Carbide and graphite. The
results for Borosil are summarized in Fig 4.2:
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Figure 4.2: Current–voltage characteristic (crosses) and extrema of the discharge current fluctu-
ations (triangles) of the SPT100-ML. Borosil walls. Reported from Fig 4 of [21]
Furthermore, they gave a description of the various founded:
Regime1 In the ionization branch of the I –V characteristics, the discharge fluctuations ampli-
tude is about the 10-50% of the mean discharge current. The strongest fluctuation
activity, between 5–15 kHz, can be attributed at such low voltages to the so-called
“spoke” instability that is believed to contribute to electron transport to the anode.
The frequency range of this instability shifts to higher values as the applied voltage
is increased.
Regime2 The spoke instability is present, albeit weaker than in Regime 1, an other azimuthal
instability is observed in the frequency band 20–80 kHz.
Regime3 Strong and regular oscillations of the discharge current are present, with an root mean
square amplitude that can reach about 50% of the dc current,the frequency is about
5kHz. This oscillations seems to have the characteristic of the well known breathing
mode.
Regime4 The fluctuation amplitude of the discharge current is moderate (10% of the mean
current). The frequency spectrum of the discharge current oscillations is broad band
but a strong activity can be located between 10-20kHz.
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Regime5 This regime appear in a region of the I –V characteristic where the propellant utiliza-
tion has supposedly reached a maximum. Regular oscillations with a main frequency
around 20–25 kHz are present.With increased applied voltage, the oscillation ampli-
tude also increases until it almost reaches the mean current value.The authors relate
unambiguously the observed oscillations with ‘breathing instability.
Regime6 The discharge current oscillations are composed irregular and relatively weak fluctu-
ations alternating with sharp peaks, and the maximas can reach over three times the
corresponding mean current values. In the power spectrum, the region of strongest
activity is located around 15 kHz, moving to lower frequencies as the applied voltage
is increased. These instabilities are believed to be of the “breathing” type again, but
pulsed.
Regime7 The fluctuations have relatively small root mean square amplitudes (about 20% of
the dc current) and are mostly irregular, with some features that could be related to
the “breathing” instability.
A similar approach was taken by Chesta et al in [20], who characterized the low (2–20kHz)
and intermediate-frequency (20–100kHz) oscillations of an SPT 100 varing the discharge voltage,
while keeping the mass flow rate and magnetic field topology constant.
They found that at low discharge voltage the most prominent oscillation was an azimuthally
propagating disturbance in the frequency range 5–10kHz, and phase velocity of about 1000 −
4000ms , nearly equal to the critical ionization velocity of the xenon propellant. This wave have sim-
ilar proprieties to the so called “rotating spoke”. A second prominent mode seen at low discharge
voltage was one associated with a nearly purely axial plasma fluctuation at higher frequencies.
They suspected that this axial disturb correspond to the previously described transient-time
oscillation, but didn’t give a definitive answer. Furthermore, at high voltage they observed a
disturb propagating in the azimuthal direction with a frequency higher than 20kHz. This insta-
bility didn’t seem to be excited by magnetic field gradients and hence not associated with the
previously described gradient induced oscillations. It was supposed to be an extension of the
low-frequency azimuthal waves seen at lower voltage. An other oscillation mode that appears at
high-voltage conditions is that of a strong low-frequency (5−10kHz) axial disturbance within the
ionization zone. This disturbance, which was associated with very strong overall discharge current
fluctuations, was identified as the well documented breathing mode. They also claimed that at
the exit plane of the channel and at high discharge voltage operation, strong high-frequency az-
imuthal waves (tilted slightly with respect to the azimuthal plane) and low-frequency longitudinal
waves dominates. The latter are most likely associated with the “breathing” mode. On the other
hand, at lower voltages the high-frequency oscillations propagate almost in the axial direction.
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In addition, there is a growth of very strong low-frequency azimuthal waves, associated with the
ionization process. Finally, they observed a particular special type of azimuthal oscillation excited
by the two azimuthally separated Langmuir probes.
4.2 Azimuthal Oscillations
In section 3.4 we showed how an azimuthal perturbation could produce an effective electron
transport, which satisfies the experimental features of anomalous transport outlined in section 3.3.
Several experiments have confirmed with various techniques the presence of azimuthal oscillations.
From the overview we made, we found that low-frequency (a few kHz) and high frequency (a few
MHz) azimuthal oscillations were observed. Although, an azimuthal oscillations at any frequency
could induce an electron transport of the type described in section 3.4, in literature usually only
low frequency azimuthal spokes have been related with anomalous electron transport.
The high frequency oscillation experimentally observed have short wavelength. This feature
make difficult to link the observed oscillation to electron transport, due to the fact that in order
to quantify turbulent transport is required the measurements of the fluctuations of both the
plasma potential and density. Measurement of correlated plasma potential and density at MHz
frequencies with spatial resolution sufficient to resolve instabilities of the type predicted would be
enormously difficult. For this reason usually high-frequency instability studies generally focus on
characterization of oscillation magnitude and spatial extent with experiments, while net transport
calculations are often performed from a theoretical basis [17].
On the other hand, low frequency azimuthal instabilities have been related with electron
transport by many author both theoretically and experimentally. In the following subsections we
give a chronological overview of the available information on low frequency azimuthal oscillations,
with a particular emphasis on rotating spoke.
4.2.1 Experimental results for low frequency azimuthal oscillations
Janes an Lowder 1966: Janes and Lowder [4] found the first experimental evidence of the
presence of azimuthal oscillations in Hall thrusters. They observed an azimuthal density non
uniformity with two different Langmuir probes and detected a rotating spoke. As previously
outlined a spoke is a density disturb which propagates azimuthally in the ~E ∧ ~B direction with a
phase velocity one order of magnitude smaller than the local ~E∧ ~B drift and an axial tilt of about
20 degrees and frequencies of the order of 5 − 25kHz. In order to detect the tilt they displaced
the two probes at different axial location, while keeping them at the same radius. One of the
two probe was moved azimuthally until the detected density fluctuations were in phase. That
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happen when the two probes were spaced azimuthally of an angle about 15°− 20°.The results are
illustrated in fig 4.3 reported from fig 5 of [4].
Figure 4.3: Experimental results of Janes and Lowder, Figure and caption from [4]
Furthermore, different propellants were used (Xenon, Krypton or Argon) and it turned out
that the phase velocity of the spoke scaled with the ionization energy of the neutral gas. They
found that the spoke propagation velocity was roughly equal to the critical ionization velocity
of the gas, given by ΣI =
1
2mionu
2
cri, where ΣI is the ionization energy of the gas. They also
recognize that electrons move in the azimuthal direction with a drift equal to EzB ( z indicates
the axial direction ), while the speed of the spoke and hence the ions concentration moves in
the azimuthal direction with a velocity equal to about 15
Ez
B . Consequently, in order to maintain
quays-neutrality an azimuthal electric field Eθmust be set up. They also recognized that the
average azimuthal electric field, Eθ, was zero but the average of neEθ did not, giving rise to net
electron transport with the mechanisms described in Section 3.4. The Hall parameter in the near
anode region was experimentally computed and was found a value of about 10, while the expected
a value,from classical collisional transport theory, was of about 600. After, they computed the
electron current associated with the presence of the spoke obtaining remarkable results. The
average axial electron current due the spoke is:
j¯ez = e
ˆ
A
ne
Eθ
B
dA
A
,
where A is the area of the channel.j¯ez is the electron current density driven by azimuthal oscilla-
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tions of density and electric field. The effective inverse Hall parameter is:(
νe
ωe
)
eff
=
j¯ez
j¯eθ
=
´
A
neEθdA´
A
neEzdA
' 1
n¯eE¯z
1
2pi
ˆ 2pi
0
nEθdθ,
where n¯e and E¯z are the time averaged value of the plasma density and axial electric field. They
assumed that Eθ = E
′
θ sin θ and ne = n¯e + n
′
e sin θ. Therefore, the effective Hall parameter be-
comes: (
νe
ωe
)
eff
=
j¯ez
j¯eθ
=
1
2
n
′
eE
′
θ
n¯eE¯z
.
The measured axial electric field was 17 Vcm , while the measured E
′
θ was 6
V
cm and
n
′
e
n¯e
' 0.5.
Therefore, the computed that the effective Hall parameter was about equal to11 against the
measured value of 10. Furthermore, Janes derived an expression for the azimuthal field fluctuation
amplitude E
′
θ in terms of the density fluctuation n
′
e and the applied field Ez. From Yoshikawa’s
theory:
Γez = −piεn
′2
e
4Bn¯e
,
eΓez = j¯ez =⇒ −epiεn
′2
e
4Bn¯e
=
j¯ez
j¯eθ
j¯eθ =⇒ −epiεn
′2
e
4Bn¯e
=
1
2
n
′
eE
′
θ
n¯eE¯z
(
en¯e
E¯z
B
)
=⇒ −piεn
′
e
4
= n¯eE
′
θ.
They assumed ε = E¯z, obtaining:
E
′
θ = −
pi
4
n
′
e
ne0
Ez.
They predicted value of E
′
θ of 6.6
V
cm against a measured value of 6
V
cm . In this work Janes and
Lowder showed the inadequacy of classical theory for describing electron transport and further-
more, demonstrated that azimuthal plasma oscillation could effectively drive electron currents
which can explain experimental results. In addition, they were the first who observed azimuthal
spokes inside an Hall effect thruster.
Lomas 1977: Lomas [29] reproduced the experimental results of Janes and that the phase
speed of the spoke increases with the magnetic field strength
Meezan 2002: Meezan [5, 6] characterized the plasma proprieties of the Stanford Hall Thruster
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(SHT). With the data obtained he was able to experimentally characterize the effective Hall pa-
rameter in the discharge channel of the SHT and he applied the theory of Yoshikawa to predict
theoretically the Hall parameter. The expression used for computing the inverse Hall parameter
was:.
αB =
pi
4
〈
(ne − 〈ne〉)2
〉
〈ne〉2
,
where with 〈q〉 we indicate the average of the variable q on the cross-section of the channel. The
results are reported in Fig 4.4 and can be observed that over a large range of the discharge channel
the value predicted from Yoshikawa’s theory was in excellent agreement with the experimental
data.
Figure 4.4: Computed and experimental Hall parameter profile at 100 V operation. Figure
reported from Fig 13 of [6]
These results suggested that plasma fluctuation are a lykely cause of the anomalous electron
transport. He also observed the existence of a localized region near the exit plane at which the
inverse Hall parameter falls from a values close to those determined from anomalous Bohm trans-
port, to values very close to those determined by classical electron transport theory. Furthermore,
he argued that in the region of reduced electron mobility, a reduction of the relative amplitude of
low frequency density oscillations with respect to the azimuthally averaged density was observed
and instead reported the presence of intense fluctuation in the regions of high mobility. He spec-
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ulated that the strong axial shear in the ~E ∧ ~B drift velocity ( ddz
(
Ez
B
)
) was responsible for the
suppression of turbulence in this region. Indeed it was suggested that the electron drift shear has
the capability to improve the stability of the plasma flow leading to a reduction of transport [30].
Chesta 2001: Chesta et al [20] investigated oscillating mode in Hall thrusters changing the
voltage while keeping all the other parameters constant. They observed the common breathing
mode and transit time oscillations together with some special azimuthal oscillations. The latter
seemed to be caused by the presence of the two azimuthally separated Langmuir probes. They
detected also two other low frequency azimuthal oscillations with a tilt angle of 15 − 20degrees:
one at low and one at high voltage. The oscillation at low voltage had the proprieties of the spoke
oscillations observed by Janes and by Lomas.The oscillation at high voltage had a frequency of
about 20kHz and could be the extension of the rotating spoke at high voltage. In agreement with
the results obtained by Meezan [5, 6] they found that the relative amplitude of low frequency
density oscillations with respect to the azimuthally averaged density is reduced in the region of
high magnetic field strength
Gascon 2001-2003: Gascon et al [21] investigated the influence of the ceramic wall mate-
rial on the propagation of low frequency azimuthal waves. They use both Boron Nitride and
Alumina, characterizing plasma oscillations in both cases. They detected azimuthal oscillations
in the frequency range of 50 − 200kHz. Furthermore, the azimuthal waves are damped in the
regions of high magnetic field strength, results in agreement with with the work of Meezan and
Chesta. Differently from previous works, they observed that the direction of propagation of the
azimuthal waves depend on the wall material. The material type throughout secondary emission
yield is supposed to control the distribution of the plasma proprieties along the channel and con-
sequently the features of the oscillations.
Mcdonald 2011: McDonald et al [12] conducted a parametric study of the dependence of
spoke amplitude and propagation velocity on magnetic field strength and discharge voltage on
their thruster, which is a 6kW Hall effect thrusters called H6. They observed azimuthal waves
with frequencies of the order of 10 − 15kHz, with phase speed of about2kms , in the rear part of
the thruster. These oscillations were identified with the spoke described by Janes [4]. Moreover,
they reported the presence of such oscillations even at very highly efficient operating conditions
with high voltage and high magnetic field strength. They claimed that this result is in contrast
with what is reported in previous studies which observed spokes exclusively at low voltage or
in inefficient operating regimes. The most prominent spoke mode in the H6 was observed at a
600V, 65% total efficiency operating condition. The spoke was described as regions of elevated
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visible light emission rotating in the ~E ∧ ~B direction at several hundred to a few thousand meters
per second, with long wavelengths on the order of several centimeters. They hypothesized, based
on the low velocity of the observed spokes of the order of the critical ionization velocity of xenon
and the visible nature of the wave, corresponding to photons emitted from excited ions and neu-
trals, these visible spokes correspond to some form of ionization wave. Hypothesis which is in
line with the one proposed by Choueiri in [11], that the spokes are originated by some sort of ion-
ization instability. Additionally, they mounted a segment anode, which is an anode consisting of
12 equally spaced azimuthal sections, on their H6 class Hall thruster. With the particular design
of the segmented anode they were able to measure the azimuthal distribution of electron current
density and estimated the magnitude of the current attributable to the rotating spokes.They
assumed that the oscillations in density and electric field are either in phase or approximately
in phase. Therefore, they assumed a sinusoidal azimuthal perturbation for both the density and
electric field ne = n¯e + n
′
e sin θ, Eθ = E
′
θ sin θ. The axial current driven from the perturbation is:
jez (θ) = − e
B
(
n¯eE
′
θ sin θ + n
′
eE
′
θ sin
2 θ
)
.
Its average over the azimuth is the net axial current driven by the oscillation:
j¯ez = − e
2B
n
′
eE
′
θ.
They assumed valid the expression for the azimuthal electric field used by Janes [4]:
E
′
θ =
pi
4
n
′
e
ne0
Ez.
Therefore, they obtained:
jez (θ) = − epi4BEz
(
n
′
e sin θ +
n
′2
e
n¯e
sin2 θ
)
,
j¯ez = − epi8 n
′2
e
n¯e
Ez
B .
jez (θ) was approximates using the small perturbation assumption:
jez (θ) = −j˜ez sin θ.
With:
j˜ez =
epi
4B
Ezn
′
e,
now j˜ez can be computed throughout the experimental data. For an operating conditions with
a discharge voltage of 300V ,an anode mass flow rate of 10mgs , a total current of 10.9A, they
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computed j˜ez = 32
mA
cm2 .
Ez
B had an approximate average of 10
4m
s . Consequently, they found
n′e = 2.5 · 1011cm−3, with this value they found that n
′
e
n¯e
' 1. Using these values:
j¯ez = 50
mA
cm2
.
This lead to a total current driven by the spokes of 5.2A over a total discharge current of 10.9A.
Sekerak 2012-2013: Sekerak et all in [27] conducted experiments regarding oscillation on the
same thrusters used by McDonald et al [12], observing a transition in the oscillation modes of
the thrusters when the magnetic field maximum is increased above a certain threshold, holding
the discharge voltage constant. They identified two different operating regimes, mainly charac-
terized by the frequency and amplitude of discharge current oscillations. They referred to these
two modes as global oscillations mode and local oscillation mode. Global mode was observed for
magnetic field peaks lower than a certain threshold and was characterized by axial oscillations of
the current density in the entire channel. The discharge current fluctuations amplitude was higher
than the 10% of the mean value,with frequencies of the order of 10kHz; azimuthal perturbations
were entirely absent or of negligible magnitude with respect to the axial one. The frequencies
at which this mode occurred and the amplitude of discharge current oscillations resembles the
previously described breathing mode. For these reasons the authors identified the global mode
with the well known breathing mode. Local mode was instead observed for magnetic field peaks
higher than a certain threshold and characterized by localized perturbations in the discharge cur-
rent density, which propagated azimuthally in the ~E ∧ ~B direction. Frequencies were in the range
of 15 − 20kHz and the amplitude of the discharge current oscillations was lower than the 10%
of the mean value. The main features of the local mode allowed the identification the observed
azimuthal oscillations with the previously cited spokes. The value of the threshold increase with
the increase applied voltage and anode mass flow rate. They also observed a peak in the anodic
efficiency for operating point near the transition. Regarding spokes location within the channel
they argued that, they were detectable from the anode out into the plasma plume.
4.2.2 Linear stability analysis for low-frequency azimuthal oscillations
Following the approach taken by Ahedo in [9, 31] we present an overview of the most relevant
linear stability analysis which can be found in literature:
Esipchuk and Tilinin 1976: Esipchuk and Tilinin [28] carried out a linear stability analy-
sis of the Hall effect discharge. As pointed out in subsection 4.1 they considered a non reacting
(no ionization) collisionless two-fluid formulation (electrons and ions). Low frequency waves are
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predicted in locations where the relation ∂∂z
(
Br
ne
)
< 0 is verified. However, their analysis didn’t
include ionization that seems to be important for spokes formation.
Chesta 2001: Chesta et al [32] evaluated the linear stability of experimental steady-state pro-
files with a 2D three-fluid model of the discharge, including ionization, particle collisions and
electromagnetic effects. They concluded that the magnetic field and density gradients together
with the ionization define the stability of low frequency azimuthal waves. However, the exact
mechanisms behind these instabilities was not investigated.
Meezan 2001: Meezan in [33] performed a local linear stability analysis of the same experimen-
tal steady-state profile analyzed by Chesta, he used a two fluid ( electrons and ions ) description
of the plasma including ionization and wall recombination. He assumed that the electron motion
is given only by the ~E ∧ ~B motion, thus no electron momentum equation is needed. Electron
temperature perturbations were neglected, consequently electron energy equation didn’t appear
in his analysis . The results are in line with the ones found by Chesta, however he outlined the
importance of ionization and wall recombination. When this mechanisms are included in the
analysis some azimuthal modes that in the collisionless case are stable are now allowed to grow,
if ionization dominates over recombination. On the other hand if recombination dominates over
ionization some modes that were unstable in the collisionless case could become unstable. On
combined effects of ionization and recombination depend also the direction of propagation of the
waves, this theoretically confirms the results obtained by Gascon [21] who experimentally observe
a change in the direction of propagation of azimuthal waves when the material of the ceramic
wall was change from Boron Nitrate to Alumina.
Gallardo 2005: Gallardo et al. [21] made a stability analysis using a three-fluid formalism
without electromagnetic terms to analyze the relation of the low frequency azimuthal waves with
the electron anomalous diffusion. Differently from previous studies equations are solved to observe
non-linear saturation effects. They analyzed the ionization region of the channel and found an
azimuthal wave traveling in the − ~E∧ ~B direction, which is opposite to what is normally measured.
Kapulkin 2007: Kapulkin in [35] performed another linear stability analysis, he analyzed the
near-anode region where ionization is negligible and the temperature and the magnetic curvature
contribute to the azimuthal drift of the electron flow. The results indicate the presence of an
unstable wave of low frequency with a non-zero azimuthal component of the wave vector that can
promote electron conductivity towards the anode.
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Thomas 2006: Thomas in [36] used two-fluid electrostatic model of the plasma to evaluate the
stability of the Hall discharge. He accounted for electron-drift shear
(
∂
∂z
(
Ez
Br
))
, electron-neutral
collisions and electron temperature perturbation by means of an equation of state (adiabatic dis-
turbances were considered). The resulting dispersion relation was applied to the experimental
profiles of Chesta and Meezan [32] and the results indicate the presence of unstable oscillations
in the high frequency regime above 1MHz. The main novelty of this research is that the author
outlined the impact of electron-drift shear on the stability of Hall thruster discharge. The work
pointed out how the phase of density fluctuation can be substantially altered when there is a non-
negligible shear. Electron shear can impact the transport by changing which modes grow, and
by altering the phase that separates fluctuations of the density and fluctuations of the potential.
Thus, ~E ∧ ~B shear could theoretically reduce fluctuation induced transport. This results seems
to confirm on a theoretical basis the experimental results of Meezan in [5, 6], who observed a re-
duction of the fluctuation in the region of high magnetic field where also the electron shear is high.
Ahedo 2012: Ahedo et all in [9] conducted a local linear stability analysis of the ionization
region of the Hall discharge including both ionization and heath conduction and considerin only
azimuthal perturbations. The analysis was carried out on steady state plasma profile derived from
a 1D model [38]. They found azimuthal instabilities with frequencies and propagation velocity
typical of spokes. They claimed that the model must include both source terms due to ionization
as well as neutral density variations in order to reproduce the main features of the spokes. These
results reinforce the idea of a strong relation between ionization and spokes. They also found out
that the density and potential are correlated, consequently a net axial current is promoted by
oscillations, unfortunately they conducted only a linear stability analysis so the effective current
which is driven by oscillations cannot be estimated.
Ahedo 2013: Ahedo et all [37] carried out a global stability analysis of the Hall thruster dis-
charge. The analysis was based on the 1D model of Ahedo described in Ref [38], they include
an electron energy equation and neutral dynamics, ionization and wall recombination (included
as an equivalent recombination frequency), the magnetic field is considered steady and thus the
electric field conservative. The main novelty is that a global stability analysis was performed
keeping the dependence of the disturb on the axial coordinate. Results show an unstable self-
excited azimuthal oscillation which has the characteristic of a spoke, also in this case density and
potential are correlated, consequently a net axial current is promoted by the oscillations.
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Chapter 5
1-D Model of the channel
5.1 Introduction
A description of the steady state response of the plasma is mandatory for investigating the role
of anomalous transport in Hall thruster simulation. The effect of anomalous electron diffusion
during HET operation is believed to be strictly related with the thruster operating condition, the
latter is defined by the discharge voltage and mass flow rate once the magnetic field topology is
fixed.
In addition, the erosion of the thruster walls is the main factor that limits thruster lifetime.
Erosion is governed by local plasma density, electron temperature, and sheath drop, and each
of these may present order-of-magnitude variations within the channel. Therefore, an accurate
description of the plasma response within the channel is crucial for a correct evaluation of the
erosion rate
A one-dimensional model of the plasma flow, which contains enough physics to produce an
accurate description of the plasma proprieties inside the channel could give an insight on the
main physical processes which control the plasma dynamics.
In this chapter we present a one-dimension macroscopic model of the plasma structure inside
the channel of an Hall effect thruster and in the near plume region. In the model are included the
effects related with the interaction between the plasma and the lateral ceramic walls, the effects
of the near plume expansion and furthermore the neutral dynamics inside the channel is included.
Emphasis will be given to the effect of the electron pressure and to the anode boundary
conditions ion velocity and to the understanding of the physical processes that govern the plasma
dynamics in an Hall thruster.
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5.2 Model Description
The real geometry of the thruster has been schematized as in Fig 5.1:
Figure 5.1: Scheme of the 1D macroscopic model
The channel has a length Lch and Lcat is the distance between the anode and the cathode
location. The radial plasma domain ranges radially from R1,to R2, which are indicated in figure
5.1. The area A at a generic point along the axial coordinate z is defined as A = pi
(
R22 −R21
)
.
The plume is modeled as a divergent channel with a radial area A(z), the modellization of
the plume will be discussed in the section 5.9. The voltage difference Vd is applied between the
anode placed at z = 0 and the cathode placed at z = Lcat. At the anode the neutrals are injected
uniformly with a mass flow rate m˙p. Electrons are injected into the plasma plume through
cathode. A fraction the diffuses towards the anode, across the magnetic field lines, and ionizes
the mass flow of neutrals. The other part of the electron current flows outwards,into the far
plume,and neutralizes the ion current. Throughout the cathode flows the total discharge current
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Id.
The basic hypothesis of the model are:
 We consider stationary ( ∂∂t = 0) solutions , therefore the electric field is conservative
~E =
−∇φ.
 The magnetic field ~B is assumed to be symmetrical w.r.t. the channel center line( ∂∂θ = 0),
radial and uniform in the radial direction, ~B = (Br eˆr). The distribution of Br(z) along the
channel is taken equal to the value of the magnetic induction on the mean radius of the
real thrusters and if in the case the latter is unknown Br(z) could be approximated with a
Gaussian profile.
The hypothesis of a pure radial magnetic field is not valid for all the points within the
acceleration channel and furthermore a magnetic field of this type is not physical because
doesn’t satisfies ∇ · ~B, ∇ × ~B. However, the real topology of the magnetic field is almost
radial near the exit of the channel, where ~B peaks and where the ionization and the ions
acceleration processes are supposed to occur. Therefore, a pure radial magnetic field is a
valid assumption, postulated also by other authors [38, 39, 40], which doesn’t jeopardize the
results and allows a strong mathematical simplification of the problem. A more realistic 1-D
model of the channel should consider the real topology of the magnetic field and consider
uniform proprieties along the ~B lines. .
 The magnetic field generated by the currents flowing in the plasma is negligible with respect
to the externally generated one.
 The plasma is composed by three independent fluids: electrons (e), ions (i), and neutrals
(n), which are treated as fluids.
 The plasma is considered quasi-neutral ni = ne , n (this means that we exclude the sheaths
from the domain).
 The plasma proprieties are assumed uniform along the radial and azimuthal coordinates,(
∂
∂θ ,
∂
∂r  ∂∂z
)
. This implies that all physical magnitudes in channel and plume are averaged
radially.
 The ion velocity is assumed to be axial: ~ui = uieˆz.
 The neutral velocity is supposed to be axial: ~un = uneˆz.
 The azimuthal component of the electron velocity must be retained, because is necessary
for the proper operation of the thruster: ~ue = uez eˆz + ueθ eˆθ.
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 The computational domain of the model ranges from the plasma edge of the anode sheath
to the cathode.
With the discussed assumptions we extracted the equations for ions, electrons and neutral mo-
tions, applying the integral form of the conservation equations of particles, momentum and energy
to ions, electrons and neutrals on the elementary volume defined in figure 5.2.
Figure 5.2: Elementary volume
It is important to outline that with the discussed assumptions we have: ~E = −∇φ = −∂φ∂z . In
the following sections we’ll show the derivation of such governing equations.
5.3 Ions Equations
We make several assumptions regarding the ion dynamic inside the plasma and the plume:
1. Non-magnetized ions rLi  Lch, where rLi is the ions Larmour radius.
2. Negligible momentum exchange through collisions.
3. “Cold ions”, Ti ≈ 0, and therefore negligible pressure effects on ions momentum equation.
Therefore, with this assumption no ions energy conservation equation is needed.
4. Ionization is introduced with a ionization frequency νI and a volumetric source of particles
defined by N˙I = nνI .
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5. The ions generated through ionization have the same velocity of the neutral particles. With
this assumption we can also define a volumetric source of momentum ~˙QI = minνI ~un. The
latter, takes into account the change of the ions flux momentum due to ionization.
6. At the lateral walls an ions attracting sheath is formed, hence, a flux of ions towards the
lateral walls is set up. The ions that reach the walls pull out electrons from the walls and
recombine, next they are re injected in the bulk as neutrals. This flux of ions has two
contributions: the first is given by the radial acceleration of the ions through the sheath
potential drop and the second is given by the component of the mean ions velocity orthogonal
to the lateral walls. This effects lead to a loss of particles and momentum which can be
taken into account defining a particle volumetric sink term ˙Nwi = −nνw and a momentum
volumetric sink ~˙Qwi = −minνw ~ui. Where νw is a characteristic frequency, whose expression
as a function of the plasma proprieties is described in section 5.8.2.
5.3.1 Ions continuity equation
The ions continuity equation is:
D
Dt
ˆ
V
ndV =
ˆ
V
N˙IdV +
ˆ
V
˙NwidV.
With all the previously depicted assumptions:
D
Dt
ˆ
V
ndV =
ˆ
V
nνIdV −
ˆ
V
nνwdV,
we are considering a stationary solution, consequently the left hand side could be written as:
D
Dt
ˆ
V
ndV =
ˆ
∂V
n~ui · ~dS.
The continuity equation become:
ˆ
∂V
n~ui · ~dS =
ˆ
V
nνIdV −
ˆ
V
nνwdV.
The term on the left hand side of equation is the particle flux across the external surface (∂V )
of the elementary volume. Therefore, we obtain:
ˆ
S(z)
n~ui · ~dS +
ˆ
S(z+dz)
n~ui · ~dS =
ˆ
V
nνIdV −
ˆ
V
nνwdV.
Note that the particle flux through the lateral surface Sw is included into the term−
´
V
nνwdV .
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Now we analyze all the the terms in the equation separately. Considering that ~ui = uieˆz and
~dS = dSeˆz and that all the variables are constant over the surfaces:

´
S(z)
n~ui · ~dS +
´
S(z+dz)
n~ui · ~dS = ddz (nuiA)dz.

´
V
nνIdV = nνIV = nνIAdz.
 − ´
V
nνwdV = −nνwV = −nνwAdz
Finally the ion continuity equation becomes:
d
dz
(nuiA) = n(νI − νw)A . (5.1)
5.3.2 Ions momentum equation
Considering the assumptions previously exposed the general form ions momentum conservation
equation takes the form:
D
Dt
ˆ
V
min~uidV =
ˆ
V
ne~EdV +
ˆ
V
minνI ~undV +
ˆ
V
~˙QwidV.
We are considering a stationary solution, consequently the left hand side could be written as:
D
Dt
ˆ
V
min~uidV =
ˆ
∂V
min~ui(~ui · ~dS).
The ions momentum equation become:
ˆ
∂V
min~ui(~ui · ~dS) =
ˆ
V
ne~EdV +
ˆ
V
minνI ~undV +
ˆ
V
~˙QwidV.
Developing the the momentum flux through the surface:
ˆ
S(z)
min~ui(~ui · ~dS) +
ˆ
S(z+dz)
min~ui(~ui · ~dS) =
ˆ
V
ne~EdV +
ˆ
V
minνI ~undV −
ˆ
V
minνw ~uidV.
Note that even in this case the flux of momentum through the lateral surfaces is accounted in
− ´
V
minνw ~uidV . Now we analyze all the the terms in the equation separately,considering that
~ui = uieˆz , ~un = uneˆz, ~dS = dSeˆz and that all the variables are constant over the surfaces:

´
S(z)
min~ui(~ui · ~dS) +
´
S(z+dz)
min~ui(~ui · ~dS) = ddz
[
minu
2
iA
]
dzeˆz.
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
´
V
ne~EdV = −nedφdz V eˆz = −nedφdzAdzeˆz.

´
V
minνI ~undV = minνIunV eˆz = minνIunAdzeˆz.
 − ´
V
minνw ~uidV = −minνwuiV eˆz = −minνwuiAdzeˆz.
Consequently the momentum conservation equation can be written as:
d
dz
[
minu
2
iA
]
eˆz = −nedφ
dz
aeˆz −minνIunaeˆz −minνwuiAeˆz.
Projecting along eˆzwe obtain:
d
dz
[
minu
2
iA
]
= −nedφ
dz
A+min [νIun − νwui]A . (5.2)
5.3.3 Ions internal energy equation
As stated ions are simply assumed as“cold”, and the ion energy conservation equation is substitute
with:
Ti ≈ 0 . (5.3)
5.4 Electrons Equations
We made a series of plausible hypothesis concerning the dynamics of electrons inside the channel:
1. Due to the presence of the lateral wall sheath a flux of electrons toward the wall, that leave
our computational domain is set up. As explained in Sec 5.8.2 the effect of this electron flux
can be introduced with volumetric distributed sink terms with a characteristic frequency νw,
which is given by: ˙Nwe = −nνw. As for the ions this flux of electrons has two contributions:
the first is given by the radial acceleration of the electrons through the sheath potential drop
and the second is given by the component of the mean electron velocity velocity orthogonal
to the lateral walls. Note that the characteristic frequency is νw the same used for ions.
These comes out from the fact that the condition of zero total current at the lateral walls
( due to fact the lateral walls are not biased ) requires equal electron and ion flux at the
walls.
2. As for the ions ionization is introduced with a ionization frequency νI and a volumetric
source of particles defined by N˙I = nνI .
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3. In the momentum equation we will neglect:
(a) Electron inertia.
(b) Loss of momentum due to wall effects.
(c) Generation of momentum due to ionization.
(d) Electrons-ions collisions
4. In the electron momentum equation we consider ueθuez  1.
5. In the total energy conservation equation we neglect:
(a) The kinetic energy with respect to the internal energy.
(b) The change of total energy due to elastic electrons-neutrals collisions
6. Energy losses due to ionization are introduced as a volumetric sink of energy ˙EIe =
−nνIαIΣI .Where ΣI is the ionization energy.
7. Energy losses due the interactions with the lateral walls effects,due to the total electron
internal energy flux at the lateral walls, and pressure work at the edge of the sheath , are
introduced as a volumetric energy sink E˙we = −nkTeνwe. Where νwe is an appropriate
frequency that takes into account energy losses due to the interaction with laterals walls.
The expression of νwe as a function of the plasma proprieties is found in section 5.9.
8. We consider a Maxwellian distribution function for the electrons. Thus, the electron pressure
writes Pe = nkTe, the electron volumetric internal energy writes Ue =
3
2kTe.
5.4.1 Electrons continuity equation
Under the hypothesis made the electron continuity writes:
D
Dt
ˆ
V
ndV =
ˆ
V
N˙IedV +
ˆ
V
N˙wedV.
We are considering a stationary solution, consequently the left hand side could be written as:
D
Dt
ˆ
V
ndV =
ˆ
∂V
nuˆe · ~dS.
Therefore, the electrons continuity equation can be written as:
ˆ
∂V
nuˆe · ~dS =
ˆ
V
nνIdV −
ˆ
V
nνwdV.
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Developing the flux term:
ˆ
S(z)
n ~ue · ~dS +
ˆ
S(z+dz)
n ~ue · ~dS =
ˆ
V
nνIdV −
ˆ
V
nνwdV.
Note that
´
Sw
n ~ue· ~dS for the assumptions made is included in−
´
V
nνwdV . Now we analyze all
the the terms in the equation separately,considering that ~ue = uez eˆz+ueθ eˆθ, ~un = uneˆz, ~dS = dSeˆz
and that all the variables are constant over the surfaces:

´
S(z)
n ~ue · ~dS +
´
S(z+dz)
n ~ue · ~dS = ddz [nuezA] dz.

´
V
N˙IedV+
´
V
N˙wedV =
´
V
(νi − νw)ndV = (νi − νw)n
´
V
dV = n (νi − νw) = n (νi − νw)Adz.
Finally the electron continuity writes:
d
dz
(nuezA) = n(νI − νw)A . (5.4)
5.4.2 Electrons momentum equation
With the assumptions made the electron momentum equation can be written as:
0 = −
ˆ
V
ne~EdV −
ˆ
V
en( ~ue ∧ ~B)dV −
ˆ
∂V
Pe ~dS −
ˆ
V
menνe ~uedV.
It is worth noting that an azimuthal momentum equation can not be derived using this integral
approach, this is due to the definition of the control volume. As we will see later a momentum
equation concerning the azimuthal component can be derived from the azimuthal differential
momentum equation for electrons.
 − ´
v
ne~EdV =
´
v
nedφdz eˆzdV = ne
dφ
dz
´
V
eˆzdV = ne
dφ
dzAdzeˆz.
 − ´
V
en( ~ue ∧ ~B)dV =
´
V
neueθBeˆzdV −
´
V
neuezBeˆθdV = neueθBV eˆz − neuezB
´
V
eˆθdV.
– neuezB
´
V
eˆθdV = 0. For the azimuthal symmetry of the control volume.
– Thus − ´
V
en( ~ue ∧ ~B)dV = neueθBV eˆz = neueθBAdzeˆz.

´
∂V
Pe ~dS = −
´
S(z)
Pe ~dS −
´
S(z+zλ)
Pe ~dS −
´
Sw1+Sw2
Pe ~dS.
– − ´
S(λ)
Pe ~dS −
´
S(λ+dλ)
Pe ~dS = − ddz [nkTeA] dz.
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– − ´
Sw1+Sw2
Pe ~dS = −
´
Sw1
Pe ~dS −
´
Sw2
Pe ~dS.
Noting that Pe = Pe(z),Sw1and Sw2are two surfaces comprised between zand z + dz,
we can consider Peconstant over Sw1and Sw2. Therefore, we obtain:
− ´
Sw1+Sw2
Pe ~dS = −Pe
´
Sw1
eˆndS − Pe
´
Sw2
eˆndS.
Now over Sw2 , eˆn = enz eˆz + enr eˆr = − sinϕeˆz + cosϕeˆr,we have:
´
Sw2
eˆndS = − sinϕ
´
Sw2
eˆzdS+cosϕ
´
Sw2
eˆrdS = − sinϕ 2piR2dzcosϕ eˆz = −2piR2 tanϕdzeˆz =
−2piR2dR2eˆz (being tanϕdz = dR2)
Instead over Sw1 , eˆn = enz eˆz + enr eˆr = − sinϕeˆz − cosϕeˆr, we have:
´
Sw1
eˆn·dS = − sinϕ
´
Sw1
eˆzdS−cosϕ
´
Sw1
eˆrdS = − sinϕ 2piR1dzcosϕ eˆz = −2piR1 tanϕdzeˆz =
2piR1dR1eˆz (being tanϕdz = −dR1).
Noting that dR1 = −dR2, we obtain:
−Pe
´
Sw1
eˆndS − Pe
´
Sw2
eˆndS = Pe2pi [R2 +R1] dR2eˆz = PedAeˆz = Pe
dA
dz dzeˆz =
kBnTe
dA
dz dzeˆz

´
V
menνe ~uedV =
´
V
menνeuez eˆzdV+
´
V
menνeueθ eˆθdV = menνeuezV eˆz = menνeuezAdzeˆz.
Note that,
´
V
menνeueθ eˆθdV = 0. Due to the azimuthal symmetry.
The electron momentum equation can be now written as:
ne
dφ
dz
Aeˆz + neueθBSeˆz − d
dz
[nkBTeA] eˆz + nkTBe
(
dA
dz
)
eˆzmenνeuezAeˆz = 0.
Projecting in the axial direction:
ne
dφ
dz
A+ neueθBA− d
dz
[nkBTeA] + nkBTe
(
dA
dz
)
−menνeuezA = 0.
If we introduce the Hall parameter β = ωeνe , the momentum equation can be written as:
ne
dφ
dz
A− d
dz
[nkBTea] + nkBTe
(
dA
dz
)
+menνeA
(
ωe
νe
ueθ − uez
)
= 0.
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In this equation appears the variable ueθ, and as we have said previously from an integral
approach we can’t derive a momentum equation for the θ direction. An equation for ueθ could be
derived from the θ component of the electrons momentum differential equation. Neglecting inertia,
considering an azimuthal symmetry, but maintaining the effect of electrons-neutrals collisions, we
obtain:
ωeuez + νeueθ = 0 . (5.5)
Substituting ueθ = −ωeνe uez in the momentum equation we obtain:
ne
dφ
dz
A− d
dz
[nkBTea] + nkBTe
(
dA
dz
)
−menνeAuez
(
ω2e
ν2e
+ 1
)
= 0.
If ueθ  uez, thus ωeνe  1 the final electron momentum equation become:
ne
dφ
dz
A− d
dz
[nkBTeA] + nkTe
(
dA
dz
)
−menAω
2
e
νe
uez = 0 . (5.6)
5.4.3 Electrons total energy equation
Under the assumptions made the electron total energy equation writes:
D
Dt
ˆ
V
nUedV = −
ˆ
∂V
Pe ~ue · ~dS +
ˆ
V
ne
dφ
dz
~ez · ~uedV −
ˆ
∂V
~qe · ~dS +
ˆ
V
E˙IedV +
ˆ
V
E˙wedV.
We are considering a stationary solution, consequently the left hand side could be written as:
D
Dt
ˆ
V
nUedV ==
ˆ
∂V
nUe~ue · d~S.
The stationary assumption yields:
ˆ
∂V
nUe~ue · d~S = −
ˆ
∂V
Pe ~ue · ~dS +
ˆ
V
ne
dφ
dz
~ez · ~uedV −
ˆ
∂V
~qe · ~dS +
ˆ
V
E˙IedV +
ˆ
V
E˙wedV.
Developing the energy flux term:
´
S(z)
nUe ~ue · ~dS +
´
S(z+dz)
nUe ~ue · ~dS = −
´
S(z)
Pe ~ue · ~dS −
´
S(z+dz)
Pe ~ue · ~dS+
+
´
V
nedφdz ~ez · ~uedV −
´
∂V
~qe · ~dS +
´
V
E˙IedV +
´
V
E˙wedV.
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Note that :
´
Sw
nUe ~ue · ~dS , and −
´
Sw
Pe ~ue · ~dS and −
´
Sw
~qe · ~dS are included in the term´
V
E˙wedV .

´
S(z)
nUe ~ue · ~dS +
´
S(z+dz)
nUe ~ue · ~dS = ddz [nUeuezA] dz.
 − ´
S(λ)
Pe ~ue · ~dS −
´
S(λ+dλ)
Pe ~ue · ~dS = − ddz [PeuezA] dz.

´
V
nedφdz eˆz · ~uedV = neuez dφdz V = neuez dφdzAdz.
 − ´
S(z)
~qe · ~dS −
´
S(z+dz)
~qe · ~dS = − ddz [qezA] dz.

´
V
E˙IedV +
´
V
E˙wedV = − (nνiαiΣi + nνwekBTe)
´
V
dV = − (nνIαIEI + nνwekBTe)V =
− (nνIαIEI + nνwekBTe)Adz.
In conclusion the energy electron equation assume the form:
d
dz
[(
5
2
nkBTeuez + qez
)
A
]
= neuez
dφ
dz
A− n (νIαIΣI + νweTe)A . (5.7)
5.5 Neutrals Equations
The assumption regarding the neutrals behavior within the channel are:
1. Wall recombination effects are accounted through a volumetric source term ˙Nwn = nνw.
2. Assumed velocity profile for the neutral particles inside the channel. Thus, no neutral
momentum and energy equations are needed.
5.5.1 Neutrals continuity equation
With all the discussed assumptions the continuity equation for the neutrals writes:
D
Dt
ˆ
V
nndV = −
ˆ
V
nνIdV +
ˆ
V
˙NwndV.
We are considering stationary problem, hence, the left term only traduces to the flux term
ˆ
∂V
nn ~un · ~dS = −
ˆ
V
nνIdV +
ˆ
V
nνwdV.
Developing the flux term:
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ˆ
S(z)
nn ~un · ~dS +
ˆ
S(z+dz)
nn ~un · ~dS+ = −
ˆ
V
nνIdV +
ˆ
V
nνwdV.
Note that the term
´
SW
nn ~un · ~dSw is included in
´
V
˙NwndV .
Considering that ~un = uneˆz and ~dS = dSeˆz, we have:

´
S(z)
nn ~un · ~dS +
´
S(z+dz)
nn ~un · ~dS = ddz (nnunA)dz.
 − ´
V
nνIdV = −nνIV.

´
V
nνwdV = nνwV.
In conclusion the neutral continuity equation becomes:
d
dz
[nnunA] = −n(νI − νw) . (5.8)
5.5.2 Neutrals momentum equation
There is actually no momentum equation for the neutrals considering that we assume the velocity
profile of the neutral particles along the channel and in the plume. The neutral velocity within
the channel affects the neutral density and the latter affects ionization, consequently a correct
estimation of the neutrals velocity is needed in order to obtain reliable results.
Results exposed in [2] tells us that the neutral velocity inside the channel could be considered,
with a good approximation, constant and equal to the value which assume at the anode, as shows
in Fig 5.3.
68 CHAPTER 5. 1-D MODEL OF THE CHANNEL
Figure 5.3: Simulations of the neutrals velocity inside the channel. Reported from Fig of [2].
From figure 5.3 we can see that the neutral velocity remains about constant along the channel
and nearly equal to the average value at the anode,this assumption become invalid near the exit.
However, in this region the neutral velocity is not expected to greatly affect the plasma behavior.
As previously pointed out, a correct approximation of the neutral velocity profile is needed to
correctly estimate ionization and the latter is expected to be maximum inside the channel. The
value assumed by the neutral velocity is strictly related with the type of thruster and the one
used in the simulation of the HT-5kW will be discussed in section 6.5.
The mean neutral velocity at the anode could be related with the anode temperature Ta
through the ensuing relation [2]:
una =
√
8αkBTa
pimi
. (5.9)
Where α = 0.25. The trend of un as a function of Ta is indicated in Fig 5.4.
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Figure 5.4: Neutral velocity as a function of the anode temperature
The temperature Ta is related to the power deposited at the anode. The latter will be pro-
portional to the discharge current. Consequently, we expect that the anode temperature is a
function of the discharge current, Ta = Ta (Id). The relation Ta = Ta (Id) was found interpolating
experimental data regarding the anode temperature at various operation condition of the HT-5k,
as explained in section 6.4.
5.5.3 Neutrals energy equation
Since a neutral velocity profile is assumed and since the neutral temperature doesn’t affect other
plasma variables as ionization and collision frequency a neutral energy equation is not needed.
5.6 Model Equations
The final set of equations of our 1D model is:
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
d
dz (nuiA) = n(νI − νw)A
d
dz (nuezA) = n(νI − νw)A
d
dz [nnunA] = −n(νI − νw)A
d
dz
[
minu
2
iA
]
= −nedφdzA+min [νIun − νwui]A
d
dz [nkBTeA] = ne
dφ
dzA+ nkBTe
(
dA
dz
)−menAω2eνe uez
d
dz
[(
5
2nkBTeuez + qez
)
A
]
= neuez
dφ
dzA− n (νIαIΣI + νweTe)A
.
Observe that in order to completely close the problem an equation of state for the expression
of qez as a function of Te should be written. Nevertheless, the introduction of heat conduction
greatly increases the mathematical complexities of the problem ( due to the fact that typically
the equation of state of qez is of the second order in Te) without increasing much the accuracy of
the results. Because the residence time of the particles inside the channel is low thus we expect
the process to be nearly adiabatic. Therefore, the heath flux is neglected for a first calculation.
Without the heath flux the final set of equations become:

d
dz (nuiA) = n(νI − νw)A
d
dz (nuezA) = n(νI − νw)A
d
dz [nnunA] = −n(νI − νw)A
d
dz
[
minu
2
iA
]
= −nedφdzA+min [νIun − νwui]A
d
dz [nkBTeA] = ne
dφ
dzA+ nkBTe
(
dA
dz
)−menAω2eνe uez
d
dz
[
5
2nkBTeuezA
]
= neuez
dφ
dzA− n (νIαIΣI + νweTe)A
. (5.10)
5.7 Boundary Conditions
The problem is basically composed of 6 coupled ordinary non linear differential equations of the
first order in the spacial coordinate z. The unknowns are : [n, ui, uez, nn, φ, Te]. Therefore, the
problem requires 6 boundary conditions. Remember that, in our model we neglected the sheath
at the anode, consequently our model describe the plasma starting form the plasma edge of the
anode sheath. The boundary condition we found are (the anode is located at z = 0, while the
cathode is located at z = Lcat):
1. The mass flow rate at the anode is m˙ = nn (0)unmiAch + n (0)ui (0)miA (0), m˙ must be
equal the mass flow rate m˙p which comes from the tank. If we assume to know m˙p we have
m˙p = nn (0)unmiA (0) +n (0)ui (0)miA (0), consequently the neutral density at the anode
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is:
nn (0) =
m˙p
mi
(
un + ui (0)
n(0)
nn(0)
)
A (0)
.
It is important to outline that in the computation of the neutral density at the anode, we
taken into account the mass flux due to the anode ion’s flux. If the latter is neglected, non
physical results could be obtained, for example a mass utilization efficiency higher than one.
The mass utilization efficiency is defined as the ration between the ion’s mass flux at the
cathode and m˙p . Clearly it must be lower than one, due to mass conservation.
2. Experiments suggest that at the anode, the neutral density is about two or three order of
magnitudes greater than the plasma density. Therefore, we assume that the ratio between
the plasma density and the neutral density at the anode is equal to 1100 :
n (0) =
nn (0)
100
.
It is important to note that this condition is expected to have little relevance on determining
the plasma response, since the ionization in these devices is almost complete.
3. In [41] is showed the even if the anode is positively biased, the sheath is still an ion attract-
ing one. Consequently, the ion velocity at the anode should be equal to the Bohm velocity
computed with the value of the electron temperature at the anode and furthermore, directed
in the negative direction of the z axis.
ui (0) = −uB (0) = −
√
kBTe (0)
mi
.
This boundary condition depend on the value that the electron temperature assumes at the
anode, thus depend on the solution and must be changed at every iteration during the nu-
merical solution of system 5.10 increasing the computational time. Furthermore, a negative
ions velocity at the anode implies that must exist a point within the channel at which the
ion velocity become equal to zero, this point could become a singular one for the system
510, introducing numerical problem in the integration. Therefore, as explained in section
5.12 a sensitivity analysis is conducted in order to understand the impact of the anode ion
velocity on the results. The conclusion is that the value of the ions velocity at the anode
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has a limited effects only in a region near the anode. Therefore, we decided to use a positive
and constant value for ui (0). Considering that the ions are generated through ionization at
the same velocity of the neutrals we decide to use as boundary condition for the ions velocity:
ui (0) = un .
4. Th potential drop between anode and cathode is φ (0)− φ (Lcat) = Vd +4φsheath . Where
4φsheath is the anode sheath potential drop. Usually, it is negligible in respect of the to-
tal potential drop. Furthermore, it depends on the plasma proprieties at the anode and
therefore, its value is part of the solution. Obviously this dependence will increase the com-
putational time required to obtain convergent solutions. For all these reasons we decided
to neglect it. Consequently, we obtain that:
φ (0)− φ (Lcat) = Vd .
5. We set the constant for the potential equal to 0 at the cathode :
φ (Lcat) = 0 .
6. We assume to know the electron temperature at the cathode Te (Lcat):
Te (Lcat) = TeCat .
Therefore, the final set of boundary conditions is composed by 4 conditions which must be applied
at the anode :

nn (0) =
m˙p
mi(un+ui(0) n(0)nn(0) )A(0)
na =
nna
100
ui (0) = un
φ (0) = Vd
.
Together with other 2 which must be applied to the cathode:
φ (Lcat) = 0Te (Lcat) = TeCat .
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5.8 Modelization of the physical processes inside the chan-
nel
In this section we discuss the modelizzation of the various physical process occurring inside the
channel as: ionization, electron collisions frequency and wall interaction.
5.8.1 Ionization Rate
The ionization frequency is expressed as: νI = nnRI(Te) [38]. Where RI is the effective ionization
rate for electrons. Here we look for an analytical expression of the ionization rate that reproduces
correctly enough its dependence with the electron temperature. Since the electron motion is
diffusive and verifies condition that their drift velocity is much smaller than their thermal velocity,
the electron distribution function can be assumed locally Maxwellian.
fe(Ee) =
(
me
2pikBTe
)3/2
exp
(
− Ee
kBTe
)
,
where Ee is the electron energy. Then the ionization rate can be written as:
RI(Te) =
8pi
m2e
ˆ ∞
0
σI(Ee)EefedEe,
where σI(Ee) is the ionization cross-section.
σI(Ue) = σI0
[
1− exp
(
Ee
ΣI
− 1
)]
,
where ΣI is the primary ionization energy and σI0 is a constant. This expression for σi is a
good approximation for electron energies Ee up to 100 eV, which is in the range of interest of
Hall thrusters.
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Figure 5.5: Ionization cross section. Reported from Fig 4 of [38]
The ionization rate becomes:
RI = σ¯I (Te) c¯e,
σ¯I = σI0
(
1 +
kTeΣI
(kTe + ΣI)
2
)
exp
(
− ΣI
kTe
)
,
where c¯e =
√
8kTe
pime
is the average electrons thermal velocity. The ionization rate can be
expressed finally as:
νI = nnσ¯I c¯e = σI0
(
1 +
kTeΣI
(kTe + ΣI)
2
)
exp
(
− ΣI
kTe
)√
8kTe
pime
.
5.8.2 Wall interaction terms
In system 5.10 appear the two frequency νw and νwe which should take into account for the
particle, momentum, energy losses. An expression for this two frequencies could by obtained
adopting the classical model of sheath with secondary electron emission (SEE) described in [42].
At the ceramic walls a ion attracting sheath is formed and a flux of ions and electrons is set
up, the two fluxes are equal because the total current to the ceramic walls must be zero ( the
lateral wall are not biased ), this fluxes carries out from our computational domain (which end
at the plasma edge of the sheath) particles, momentum and energy. These fluxes of ions and
electrons at the walls produce ions recombination and secondary electron emission.
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5.8.2.1 Particle and momentum losses
The requirement of zero total current, taking into account for SEE, could be written as:
Iiw = (1− γ) Iew,
where γ is the secondary emission yield from electron bombardment, Iiw, Iew are the ions and
electron currents at the lateral walls. An expression for the secondary electron yield from electron
bombardment of materials is [42]: γ = Γ (2 + b) a (kBTe)
b
. Where Γ is the gamma function, a
and b are two constant that depend on ceramic material and Te is the electron temperature.
From equation 3.7-43 in [42] we have:
Iiw =
1
4
ne0 (1− γ) e
(
8kBTe
pime
)1/2
Sw exp
(
eφsh
kTe
)
,
where Iiw is the ion current towards the lateral wall. ne0 is the density at the plasma edge of
the sheath, Sw is the surface of the lateral walls and φsh is the potential drop between the plasma
edge and the walls.
φsh could be expressed as a function of the electron temperature as described in [42] and
shows in Fig 5.6.
Figure 5.6: Sheath potential versus electron temperature for two materials. Reported from Fig
7-13 of [42]
For electron temperature above a certain threshold, φsh becomes linear with the temperature,
this is due to the fact that secondary electron emission is space charge limited in the sheath as
described by [43]. The value of Te at which secondary electron emission becomes space charge
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limited depends on the material and for BNSiO2 , it is the temperature for which γ = 0.983.
In order to define νw, we want to express the ion flux at the wall Γiw as :
Γiw =
Iiw
e
= νwnV =
1
4
ne0 (1− γ)
(
8kBTe
pime
)1/2
Sw exp
(
eφsh
kTe
)
.
Consequently we have:
νw =
1
4
ne0
n
(1− γ)
(
8kBTe
pime
)1/2
Sw
V
exp
(
eφsh
kTe
)
, (5.11)
where Sw =
2pi(R2+R1)
cosϕ dz and V = 2pi
(
R22 −R21
)
, thus SwV =
2
cosϕ(R2−R1) , if we consider low
inclination angle ϕ, thus cosϕ ≈ 1, we have SwV = 2R2−R1 . In equation 5.11 n is the plasma
density in our 1D model, which represent the value of the density averaged over the cross section.
While ne0 represent the value of the plasma density at the plasma edge of the sheath.
From equation 3.7-27 in [42]:
nb = ne0 exp
(
1
2
)
,
. where nb represent the plasma density a the center line of the channel.
We can approximate n as:
n ≈ nb + ne0
2
,
. this implies that:
ne0
n
=
2
1 + exp
(
1
2
) .
.
With these assumption we have:
νw =
1
4
2
1 + exp
(
1
2
) (1− γ)(8kBTe
pime
)1/2
2
R2 −R1 exp
(
eφsh
kTe
)
. (5.12)
However, we made a simplified estimation of the ratio between ne0n which could be inaccurate
due to two main reasons:
1. In the pre-sheath description given in [42] (from where we take nb = ne0 exp
(
1
2
)
) ionization
is neglected. However, the latter is expected to modify relation between nb and ne0
2. The linear approximation n ≈ nb+ne02 could be too simple to catch the real plasma distri-
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bution along the radios.
For these reasons we decided to multiply the expression we found for νw for a free parameter f ,
which takes into account for the uncertainties in the ratio ne0n . Therefore, the final expression for
νw is:
νw = f
1
4
2
1 + exp
(
1
2
) (1− γ)(8kBTe
pime
)1/2
2
R2 −R1 exp
(
eφsh
kTe
)
. (5.13)
The uncertainties in the ratio ne0n are strongly related with ionization with the cross section
of the channel. Consequently, we expect that the value of f is related with the neutral density
at the anode nn (0). Hence, a dependence of f on nn (0) is prescribed. Therefore, we took:
f = f (nn (0)).
As explained in section 6.4 the relation between f and nn (0) was found linearly interpolating
a certain number of value for f as a function of nn (0), at various operating condition of the HT-
5k. These values of f were found matching the performance of a certain number of prescribed
operating point of the HT-5kW.
5.8.2.2 Energy loss
The wall energy loss are accounted in electron total energy conservation equation with the term´
V
nνwekTedV . The wall energy loss is the sum 5 of contributions:
1. Internal energy flux out of the domain through the plasma edge of the sheath, due to the
velocity component parallel the the magnetic field.
2. Internal energy flux out of the domain through the plasma edge of the sheath, due to the
velocity component orthogonal to the the magnetic field if exist a finite angle of inclination
ϕ between the velocity and the walls.
3. The work of the electron pressure at the plasma edge of the sheath on the electron velocity
component parallel to the magnetic field.
4. The work of the electron pressure at the plasma edge of the sheath on the electron velocity
component orthogonal to the magnetic field, if a finite angle of inclination ϕ exist between
the magnetic field and the walls.
5. The work of the radial electric field on the electrons in the pre-sheath.
We consider low inclination angle, consequently contributes 2 and 3 can be neglected. We as-
sume negligible radial electric filed thus also contribute number 5 can be neglected. With this
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assumptions the total electron power at the walls can be found from the sheath model presented
in [42]:
Pwe =
1
4
ne0e2
(
kBTe
e
)(
8kBTe
pime
)1/2
Sw exp
(
eφsh
kTe
)
.
This expression for Pwe is obtained in [42] through kinetic description of the electrons, thus
should also take into account for the work of the electron pressure at the plasma edge of the
sheath on the electron velocity component parallel to the magnetic field. Furthermore, it is worth
noting that Pwe is the expression of the electron energy deposited at the walls, while we are
interested in compute the electron energy that leaves our domain. The latter, is bounded by the
plasma edge of the sheath at the lateral walls. The difference between the electron energy that
leaves our domain and Pewis the work that the radial electric field perform on the flux of electron
within the sheath. The latter in turn id almost equal to the change of the ions kinetic energy
between the plasma edge and the wall. As stated in Goebel in [42] this increase in kinetic energy is
negligible in respect to Pwe when SEE brings the sheath near the space charge saturated regimes.
Consequently, we can retain that this expression of Pwe is valid for computing the electron power
that leaves our domain through the plasma edge of the sheath. We have that:
ˆ
V
nνwekTedV = nνwekTeV =
1
4
ne02e
(
kBTe
e
)(
8kBTe
pime
)1/2
Sw exp
(
eφsh
kTe
)
.
Therefore, νwe can be expressed as:
νwe =
1
2
ne0
n
(
8kBTe
pime
)1/2
Sw
V
exp
(
eφsh
kTe
)
.
With the previous approximations for ne0n we have:
νwe =
1
1 + exp
(
1
2
) (8kBTe
pime
)1/2
2
R2 −R1 exp
(
eφsh
kTe
)
.
The uncertainties we made in the evaluation of ne0n are the same explained previously. Conse-
quently, we decided to use the same free parameter f for the expression of νwe. The latter finally
assume the following form:
νwe =
f
1 + exp
(
1
2
) (8kBTe
pime
)1/2
2
R2 −R1 exp
(
eφsh
kTe
)
. (5.14)
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5.8.3 Electron collision frequency
The collision frequency for electrons is the sum of electron-ion collisions, electron – neutral colli-
sions, near wall collision frequency, anomalous collision frequency:
νe = νen + νei + νew + νano,
where νen is the electron neutral collision frequency, νei is the electron neutral collision fre-
quency, νew is the near wall collision frequency and νano is the anomalous collision frequency.
We decided to follow the approach took by Ahedo et al in [38, 39, 40] who assume that on typi-
cal thruster conditions Coulomb collisions are unimportant. Consequently, the effective collision
frequency for the electron is expressed by:
νe = νen + νew + νano.
5.8.3.1 Electron– Neutral collision frequency
Electron neutral collision frequency can be expressed as [38]:
νen = nnσenc¯e,
where c¯e is the mean electrons thermal velocity, and σen is the electron-neutrals collision cross
section and i s a function of the electron temperature. For Xenon [42]:
σen = 6.6 · 10−19
[
kBTe
4 − 0.1
1 +
(
kBTe
4
)1.6
]
.
The expected range of electron temperatures in the channel from experimental results is
between 0 and 40eV . It falls around the maximum of σen and the cross section could be considered
almost constant. Therefore, we decided to take σen as a constant equal to 27 · 10−20m2.
5.8.3.2 Wall collisionality
Secondary electrons emitted by the walls can introduce a net flux of electron towards the anode
[8, 22]. Transport due to wall effects comes from the idea that electron-wall collisions determine
the electron mobility inside the thruster. Electrons with sufficient kinetic energy for passing
through the sheath are scattered by the lateral walls and contribute to transport in the same way
electrons scattered by collisions with heavier particles do. This mechanism could be described
with an equivalent electron collision frequency, νew, which takes into account for this additional
electron flux [22, 40]
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The flux of secondary electrons emitted by the sheath (Γesw)is:
Γesw = γΓew,
where Γew is the flux of primary electrons towards the walls.
The condition of zero total current at the walls require,Γiw = (1− γ) Γew,therefore we have
Γesw =
γ
1−γΓiw. We can express Γiw with an equivalent frequency νw, if on the other hand we
express Γeswwith an equivalent collision frequency νew we have:
νew =
γ
1− γ νw.
The same expression for νwe can by found through a more deeper analysis in [40] and will be
used in our model for account of near wall collisionality.
5.8.3.3 Anomalous collision
As explained in section 3.5 the net flux of electrons towards the anode due to plasma turbulence
could be expressed taen into account introducing an anomalous collision frequency, νano = αBωe.
Where αB should be in principle a function of the position inside the channel. In our model we
decided to take αB constant ( as Ahedo in [38, 39, 40]) and to use it as a free parameter in order
to match the experimental calculated current at a given operating condition of the thrusters.
As explained in section 6.4 αB was related to the discharge voltage of the HT-5k.
5.9 Plume Modelization
In order to complete our model we need to describe the physical processes inside the plume. The
plasma outside of the channel is unbounded and therefore expands radially, as illustrated in Fig
5.7.
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Figure 5.7: Plume expansion
In our model we assumed the ions expand radially with the local Bohm velocity:
uB =
√
kBTe
mi
.
The local divergence of the plume δ is:
tan δ =
1
ui
√
kBTe
mi
.
The boundary of the plume and consequently of our computational domain are defined by the
inner and outer radius R1 and R2:
R1(z) = R1(Lch)−
´ Lcat
Lch
1
ui
√
kBTe
mi
dz
R2(z) = R2(Lch) +
´
1
ui
√
kBTe
mi
dz
. (5.15)
The area of the plume is defined as A(z) = pi(R22 −R21).
Outside of the channel the plasma near the front walls of the thrusters is very rarefied. Hence,
we assumed a very low flux of plasma towards the front walls, which was translated in wall particle
(νw)and wall energy losses (νw) that rapidly goes to zero outside of the channel.
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5.10 Different sets of equations
Once that all the terms in system 5.10 are explicated as a function of the plasma proprieties, we
can investigate to how system 5.10 can be integrated. It is useful the recall system 5.10 :

d
dz [nuiA] = n(νI − νw)A
d
dz [nuezA] = n(νI − νw)A
d
dz [nnunA] = −n(νI − νw)A
d
dz
[
minu
2
iA
]
= −nedφdzA+min [νIun − νwui]A
nedφdzA−A ddz [nkBTe]−menAω
2
e
νe
uez = 0
d
dz
[
5
2nkBTeuezA
]
= neuez
dφ
dzA− n (νIαIΣI + νweTe)A
.
It is convenient to use dimensionless variables and parameters to integrate the equations and
to characterize the solutions. Therefore, we chose a set of reference values for the variables:

Tref =
ΣI
kB
⇒ T˜e = TeTref
uref =
√
kBTref
mi
⇒ u˜i = uiuref , u˜ez = uezuref
Lref = Lchannel ⇒ z˜ = zLref
σref = σI0
√
mi
me
nref =
1
Lrefσref
⇒ n˜ = nnref , ˜¯n = nnnref
νref =
uref
Lref
⇒ ν˜e = νeνref , ν˜w = νwνref , ν˜we = νweνref
ωref =
eBm
me
⇒ ω˜e = ωeωref
Aref = A (0) ⇒ A˜ = AAref
φref =
kTref
e ⇒ φ˜ = φφref
,
where Bm is the maximum value of the magnetic field, and σI0 has been defined in section
5.8.1. Taking into account that ddz =
1
Lref
d
dz˜ and after some algebra we obtain :
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
d(n˜u˜i)
dz˜ = n˜ (ν˜I − ν˜w) 1
du˜i
dz˜ = ν˜I
(
u˜n
u˜i
− 1
)
− 1u˜i
dφ˜
dz 2
dn˜n
dz˜ = − 1u˜n
[
(ν˜I − ν˜w) n˜+ n˜nu˜n d ln A˜dz˜
]
3
du˜ez
dz˜ = ν˜I
[
1 + u˜ezu˜i
(
u˜n
u˜i
− 2
)]
− ν˜w
[
1− u˜ezu˜i
]
− u˜ezu˜i
dφ˜
dz˜ 4
dφ˜
dz˜ =
me
mi
R2b
ω˜2e
ν˜e
u˜ez +
[
dT˜e
dz˜ +
T˜e
n˜
dn˜
dz˜
]
5
dT˜e
dz˜ =
2
5u˜ez
{
u˜ez
dφ˜
dz − ν˜I
(
αI +
5
2 T˜e
)
+ T˜e
(
5
2 ν˜w − ν˜we
)}
6
, (5.16)
where Rb =
ωref
νref
. It is important to note that in system 5.16 the effect of the electron pressure
on the electrons momentum is contained in the term dT˜edz˜ +
T˜e
n˜
dn˜
dz˜ . System 5.16 could be written
in an explicit form suitable for direct computation:
d ˜˜Y
dz˜
= ˜˜Ψ( ˜˜Y),
where ~˜Y is a vector containing the six plasma variables
(
n˜, n˜n,u˜ez, u˜i, T˜e, φ˜
)
and ~˜Ψ( ~˜Y) is a
vector containing six regular functions of the discussed variables. In this explicit form system
5.16 can be written as:

dn˜
dz˜ =
n˜F˜
T˜e(1−M2)
dn˜n
dz˜ =
1
u˜n
[
(ν˜w − ν˜I) n˜− n˜n du˜ndz˜ − n˜nu˜n d ln A˜dz˜
]
du˜i
dz˜ = (ν˜I − ν˜w)− u˜i
[
F˜
T˜e(1−M2) +
d ln A˜
dz˜
]
du˜ez
dz˜ = (ν˜I − ν˜w)− u˜ez
[
F˜
T˜e(1−M2) +
d ln A˜
dz˜
]
dφ˜
dz˜ = ν˜I [u˜n − 2u˜i] + ν˜wu˜i + u˜2i
[
F˜
T˜e(1−M2) +
d ln A˜
dz˜
]
dT˜e
dz˜ =
2
5u˜ez
{
u˜ez
[
ν˜I [u˜n − 2u˜i] + ν˜wu˜i + u˜2i
[
F˜
T˜e(1−M2) +
d ln A˜
dz˜
]]
−ν˜I
(
αI +
5
2 T˜e
)
+ T˜e
(
5
2 ν˜w − ν˜we
)}
, (5.17)
where M is the ion mach number :
M =
u˜i√
5
3 T˜e
,
F is a function of the plasma variables:
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F˜ =
1
u˜ez
{
−me
mi
R2b
ω˜2e
ν˜e
u˜2ez+ν˜i
[
2
5
αI + T˜e +
3
5
u˜ez (u˜n − 2u˜i)
]
+
3
5
u˜eu˜
2
i
d ln A˜
dz˜
+
2
5
T˜eν˜we−ν˜w
[
T˜e − 3
5
u˜iu˜e
]}
It is important to note that if the final set of equation is written in the explicit form gave by
system 5.17, the ion mach number M appears. The presence M introduce numerical complication
that are discussed in the following sections.
5.11 Singular Points
If we look to system 5.16 and system 5.17 appear clear that they may presents singular points.
1. In system 5.16 we observe that we have at the denominator u˜i. Therefore, u˜i = 0 could be
a singular point for system 5.16.
2. In system 5.17 we observe that we have two quantities to the denominator 1−M2. Therefore,
M = ±1 could be a singular point for the system.
3. u˜e compares at the denominator in both system 5.16 and system 5.17. Therefore, u˜e = 0
could be a singular sonic point for both the systems. However, u˜e is always expected to
have negative values. Thus, the condition u˜e = 0 should not occur during the integration
and for this reasons the numerical complications related with the condition u˜e = 0 was not
investigated.
However, a singular point is point where the derivatives of the variables goes to infinite and it is
admitted only at the boundary of the domain. For example, if points where the conditions u˜i = 0
or M = ±1 are verified, occur within the computational domain, they must be regular points.
Indeed, in this particular point he derivatives of the plasma proprieties doesn’t tend to infinite.
On the contrary, a smooth transition of all the variables through this point must occur. This
could be easily understood looking to system 5.17:
1 −M2 appear in all the six equation within the same term F˜(1−M2) . Therefore, when the
condition 1 − M2 = 0 is verified the condition F˜ = 0 must be verified simultaneously ( this
problem is totally analogous to the classical sonic point in a convergent–divergent nozzle ). A
similar situation must occur also in system 5.16 when u˜i = 0. However system 5.16 is not written
in a fashion that allows the identification of a condition analogous to F˜ = 0. Unfortunately,
during the numerical integration of system 5.16 or 5.17 is extremely unlikely that the regularity
conditions at point u˜i = 0 or 1 −M2 = 0 are verified spontaneously. However, the numerical
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complications related with these points could be solved without a great effort, as explained in the
following sections.
5.11.1 The problem of the sonic point
In system 5.16 appears at the denominator 1 − M2, but how previously pointed out 1 − M2
appear in all the equation in the same fashion and if we have 1−M2 = 0 within the channel also
condition F˜ = 0 must be verified in order to have a regular sonic point. It is worth noting that
the presence of the ion mach number M inside of the equation is due to the fact in system 5.17
we have retained the effect of the electron pressure on the electron momentum equation.
The problem of the regular transition of the plasma proprieties through the sonic point could
be solved in different ways:
1. An approach could be to integrate from the sonic point towards the anode and the cath-
ode. This approach allows to impose the regularity of the sonic point
(
F˜ = 0
)
externally.
However, a Taylor expansion of the plasma variables must be used to solve solves the in-
determinacy F˜(1−M2) =
0
0 and to find the slopes of plasma variables at the sonic point.
Furthermore, this initial-value procedure requires setting all variables at sonic point and
not all sets of initial parameters at the sonic point lead to valid solutions and allow to
match the boundary conditions at both anode and cathode. Moreover, the position of the
sonic point is not know a priori. Hence, an iteration procedure must be set up in order to
solve the problem. This is the procedure adopted by Ahedo in [38].
2. As previously outlined the presence of the ion mach number M inside of the equation is
due to the fact in system 5.17 we have retained the effect of the electron pressure on the
electron momentum equation. Therefore, a simple way to avoid the problem related with
the presence of the sonic point could be to neglect the contribution of the electron pressure
within the electron momentum equation. The possibility of disregarding the electron pres-
sure, without jeopardize the results, will be addressed in the following section. However, it
is worth nothing that omit the contribution of the electron pressure produce a system of
equation which has u˜i at the denominator and consequently introduce complications when
the ion velocity cross the zero. Anyhow, this new issue could be easily resolved without
threaten the accuracy of the results, as we will see in sec 5.11.2.
3. A method to solve the problem of the sonic point and retain the effect of the pressure, at
least in the first part of the channel, it is to change the set of equation when the Mach
number reach a certain value lower than one. This approach allow also to solve the prob-
lem of the ion velocity zero crossing point, because the electron pressure is removed from
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the equations once the ions velocity has assumed positive values. However, the change of
equation could introduce non physical discontinuities in the slope of the plasma proprieties
and the magnitude of the discontinuities is strictly related with value of the Mach number
at with the change of equations occur.
5.11.2 Ion velocity zero crossing point
In system 5.16 appears at the denominator u˜i. Anyhow, how previously pointed out u˜i = 0
must be a regular point and a condition similar to the one of the sonic point
(
F˜ = 0
)
should be
verified. However, the derivative of the ions velocity is expected to be always positive within the
channel and the numerical issue related with u˜i = 0 could be avoided if a positive ions velocity
is imposed at the anode. Unfortunately, the more physical condition for the ion velocity at the
anode seems to be ui (0) = −uBa = −
√
kBTe(0)
mi
. For these reasons we investigates some method
to solve the problem of u˜i = 0.
1. One approach is to write system 5.16 in a fashion suitable for outline the conditions which
must be verified when u˜i = 0 in order to have a regular point. Then, the numerical
integration become similar to the one explained in method 1 in 5.11.1, with the same
numerical difficulties.
2. Method 2 in sec 5.11.1 could be used also in this situation. This method allow the possibility
to impose ui (0) = −uBa = −
√
kBTe(0)
mi
and to avoid the problem of u˜i = 0 as previously
explained.
3. Impose a positive ion velocity at the anode.
5.12 Sensitivity Analysis
As outlined previously the presence of the electron pressure in the electron momentum equation
introduce the problem of the sonic point. On the other hand, if the electron pressure is neglected
u˜i = 0 could introduce numerical issues during the integration. Consequently, we investigated the
real effect on the results of both the ion velocity boundary condition and of the electron pressure.
5.12.1 Ion velocity boundary condition
As explained in section 5.7 the most physical condition for the ion velocity at the anode should
be ui (0) = −
√
kBTe(0)
mi
. However, a negative ion velocity at the anode implies the existence of a
point within the channel at which the ion velocity is equal to zero. For system 5.17 this change
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of sign of u˜i is not an issue, instead in system 5.16 u˜i appears at the denominator, thus the ion
velocity zero crossing point, though should be a regular point, could introduce numerical problem
during the integration. On the other hand, if a positive ion velocity at the anode is applied the
ion velocity is expected to assume only positive values. Consequently, we investigate the real
effect of the ions velocity boundary condition on the solutions in order to address if a positive
value of u˜i could be applied at the anode.
Therefore, a sensitivity analysis was performed changing the value of the ions velocity at the
anode. The effect of the ions velocity boundary condition has been investigate using two different
sets of equation:
1. In order to apply negative ion velocity at the anode first we used method 2 described in
section 5.11.1.
2. We used system 5.16 without the electron pressure in order to investigate the solution with
positive values of the ion velocity at the anode.
Ity is also important to outline that the value of discharge voltage, current, propellant mass
flow rate and the profile of the magnetic field are not representative of any real thruster and
was used only to obtain plausible solutions. The profile of the magnetic field is Gaussian: B =
Bm exp
(
− (z−xm)2L2m
)
.
In Fig 5.8 and Fig 5.9 are showed the results.
Figure 5.8: Effect of the anode ion velocity. ui (0)ranges from −uBa to 500. Operating condition:
I = 4A, mP = 5.2
mg
s Vd = 300V , Bm = 0.05T , Lm = 0.0103m, xm = 0.0203m
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Figure 5.9: Effect of the anode ion velocity. ui (0)ranges from 300 to 2500. Operating condition:
I = 4A,mP = 5.2
mg
s , Vd = 300V,Bm = 0.05T, Lm = 0.0103m,xm = 0.0203m
From Fig 5.8 and 5.9 we can observe that the solutions obtained for different u˜i (0) present
small difference only in limited region the near anode. However, the difference are only marginal
and in the regions where the ions are generated and accelerated the various solutions converge.
Consequently, we can expect that a positive value of the ion anode velocity will introduce only
minimal errors in the vicinity of the anode, without threaten the validity of the overall results.
The advantage of imposing a positive anode ion velocity is the opportunity to avoid the problem
related with u˜i = 0. It is important to observe that the use of two different set of equation (
system 5.16 and system 5.17 ) allows to avoid the numerical problems related with u˜i = 0 and
1−M2 = 0 but introduce non physical discontinuities in the plasma profile.
5.12.2 Influence of the electron pressure
As previously explained the presence of the electron pressure introduce numerical complications
in obtaining the solution. Therefore, we investigate the relevance of the electron pressure on
the results in order to understand if the electron pressure could be neglected, with as result the
obtainment of a much more stable resolution algorithm.
As explained in section 5.11.1 we found 3 different method to solve the problem of the sonic
point. Method 1 introduce numerical problem related with the resolution procedure, method 3
introduce non physical discontinuities in the plasma proprieties. Consequently, we decided to
investigate the relevance of the electron pressure using two different method:
5.12. SENSITIVITY ANALYSIS 89
1. We solved system 5.16 keeping the electron pressure in the electron momentum equation
but imposing a positive u˜i (0). As previously pointed out the effective value of the ion
velocity at the anode is not very relevant for the results.
2. We soved nystem 5.17 neglecting the electron pressure in the electron momentum equation
and imposing a positive u˜i (0) .
As before we used a Gaussian profile for the magnetic field and the results doesn’t pretend to be
representative of any real thruster. The results are showed in Fig 5.10.
Figure 5.10: Effect of the electron pressure. Operating conditions:I = 4.5A,mp = 5.2mgs , Vd =
300V,Bm = 0.05T, Lm = 0.0103m,xm = 0.0203m,ui0 = 3000
m
s
Fig 5.10 show how the differences between the solution with and without electron pressure
are presents only in the near anode region. This is an expected results because in the near
anode region the the electric field is expected to be small and pressure to be the driving force for
electron diffusion towards the anode. However, the difference are only marginal in the ionization
and acceleration regions the two solutions converge. Consequently, we can expect that disregard
the electron pressure will introduce only marginal errors in the vicinity of the anode but without
jeopardize the overall results and the computation of the performances.
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5.13 Resolution Algorithm
Our model is a first order one and we were concerned in precisely reproduce the plasma response in
the ionization and acceleration region, which are located where the peaks of the plasma variables
takes place and in accurately predict the performances of the thruster. The latter are computed
using the values of the plasma variables at the cathode.
Since the sensitivity analysis showed that the effect of the electron pressure and of the ion
anode velocity was marginal and limited to a region near the anode, we decided to neglect the
effect of the electron pressure and to impose a positive value for u˜i (0), allowing for a reduction
of the model complexity and for a significant simplification of the numerical integration proce-
dure. Therefore, we decided to use system 5.16 neglecting the term dT˜edz˜ +
T˜e
n˜
dn˜
dz˜ in the electron
momentum:

d(n˜u˜i)
dz˜ = n˜ (ν˜I − ν˜w)
du˜i
dz˜ = ν˜I
(
u˜n
u˜i
− 1
)
− 1u˜i
dφ˜
dz
dn˜n
dz˜ = − 1u˜n
[
(ν˜I − ν˜w) n˜+ n˜nu˜n d ln A˜dz˜
]
du˜ez
dz˜ = ν˜I
[
1 + u˜ezu˜i
(
u˜n
u˜i
− 2
)]
− ν˜w
[
1− u˜ezu˜i
]
− u˜ezu˜i
dφ˜
dz˜
dφ˜
dz˜ =
me
mi
R2b
ω˜2e
ν˜e
u˜ez
dT˜e
dz˜ =
2
5u˜ez
{
u˜ez
dφ˜
dz − ν˜I
(
αI +
5
2 T˜e
)
+ T˜e
(
5
2 ν˜w − ν˜we
)}
. (5.18)
The 6 boundary conditions are:
1. n˜ (0) = n˜n(0)100 .
2. n˜n (0) =
nn(0)
nref
=
m˙p
mi(un+ui(0) n(0)nn(0) )A(0)
1
nref
.
3. u˜i (0) = u˜n =
un
uref
.
4. φ˜ (0) = V˜d =
Vd
φref
.
5. φ˜ (Lcat) = 0.
6. T˜e (Lcat) = T˜eCat =
TeCat
Tref
.
In this section we will describe the integration procedure used to obtain the results that are
presented in Chapter 6. It is fundamental to note that in this section we assume to know the
dependence f = f (nn (0)) , αB = αB (Vd) , Ta = Ta (Id) calibrated on the thrusters experimental
data as explained in section 6.4.
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The boundary conditions 1, 2, 3, 4 must be applied at the anode, while conditions 5, 6 must
be applied at the cathode. Therefore, we have to solve a boundary value problem (BVP). The
approach we decided to follow in order to solve system 5.18 was to integrate some equations
from the anode to the cathode and use the resultant profile to integrate separately the remains
equations from the cathode to the anode. Therefore, this procedure implied an iteration processes
up to convergence and the necessity to assume an initial profile for some of the variables in order
to start the iteration procedure.
Analyzing the six boundary conditions, we observed that we didn’t have a boundary condition
for the electrons. Therefore, we decided to substitute the electron differential equation with the
current continuity equation:
uez = uiz − Id
enA
=⇒ u˜ez = u˜iz − I˜
n˜A˜
,
where Id is the discharge current, didn’t known a priori. I˜ =
Id
enrefurefAref
, and A˜ = AAref . In
addition, we observed that the differential equation for φ˜ is of the first order and the the boundary
conditions for φ˜ are two. Therefore, the condition φ˜ (0) = V˜d could be substituted with a condition
on I˜. As previously stated I˜ was not know a priori. For this reason, we decided to iterate over
the value of I˜ until we found the value of I˜ for which the condition was verified φ˜ (0) = V˜d.
Consequently, the final set of equation that must be integrated numerically is constituted by:
 3 differential equation with anode boundary condition. Probelm1:

d(n˜u˜i)
dz˜ = n˜ (ν˜I − ν˜w)
du˜i
dz˜ = ν˜I
(
u˜n
u˜i
− 1
)
− 1u˜i
dφ˜
dz
dn˜n
dz˜ = − 1u˜n
[
(ν˜I − ν˜w) n˜+ n˜nu˜n d ln A˜dz˜
] .
– The boundary condition for Problem1 (BC1) are:
1. n˜ (0) = n˜n(0)100 .
2. n˜n (0) =
nn(0)
nref
=
m˙p
mi(un+ui(0) n(0)nn(0) )A(0)
1
nref
.
3. u˜i (0) = u˜n =
un
uref
.
 1 algebraic equation:
u˜ez = u˜iz − I˜
n˜A˜
.
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 2 differential equation with cathode boundary conditions. Problem2:

dφ˜
dz˜ =
me
mi
R2b
ω˜2e
ν˜e
u˜ez
dT˜e
dz˜ =
2
5u˜ez
{
u˜ez
dφ˜
dz − ν˜I
(
αI +
5
2 T˜e
)
+ T˜e
(
5
2 ν˜w − ν˜we
)} .
– The boundary condition for Problem2 (BC2) are:
1. φ˜ (Lcat) = 0.
2. T˜e (Lcat) = T˜eCat =
TeCat
Tref
.
 I˜ must be iterated until φ˜ (0) = V˜d.
The integration procedure is constituted by two nested cycle on into the other. In the main cycle,
indicated with the index i ( with i which starts from 1), the discharge current is I˜(i)is changed
until, at the cycle i = i¯, is verified the condition φ˜ (0) = V˜d. Within this main cycle there is a
secondary nested cycle, during which for a given value of the discharge current Problem1 and
Problem2 are integrated up to convergence. This nested cycle is indicated with the index k (
with k which starts from 1). The plasma variables at certain number of the man cycle i and at
a certain number of the nested cycle k are indicated with: n˜(i,k), n˜
(i,k)
n , u˜
(i,k)
i , u˜
(i,k)
ez , φ˜(i,k), T˜
(i,k)
e .
Finally, the integration procedure follows the steps described below:
1. The main cycle is defined by the index i ( the latter indicates the number of iterations
within the cycle itself ) and i ranges from 1 to i¯: i = 1, 2, ...., i¯. As previously stated, within
this cycle the discharge current is changed until the condition φ˜ (0) = V˜d is verified. In
order to start the cycle we have to assume an initial value for the discharge current I(1)
(i = 1). We decided to assume an initial current equal to the minimum current which could
flow within the thrusters assuming a total utilization of the propellant:
I(1) = m˙p
e
mi
=⇒ I˜(1) = I
(1)
enrefurefAref
.
2. We assume an initial profile for φ˜and T˜e, φ˜
(1,0), T˜
(1,0)
e :
φ˜(1,0) = −
V˜d
2 erf (10 (z˜ − 0.8)− 1)
T˜
(1,0)
e =
1
5 + exp
(
− (z˜−0.8z˜m)20.006
) ,
where erf indicate the error function and z˜m is the point where the magnetic field is
maximum. An example of φ˜(1,0)and T˜
(1,0)
e is showed in Fig 5.11.
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Figure 5.11: Example of φ˜(1,0)and T˜
(1,0)
e , with z˜m = 0.9
3. Considering a constant area (d ln A˜dz˜ = 0), we have that A˜
(1,0) = 1.With the assumed profile
of φ˜(1,0)and T˜
(1,0)
e , we solve Problem1 and find (n˜u˜i)
(1,0)
, n˜
(1,0)
n , u˜
(1,0)
i . The plasma density
is defined as
n˜(1,0) =
(n˜u˜i)
(1,0)
u˜
(1,0)
i
.
The electron velocity is computed as:
u˜(1,0)ez = u˜
(1,0)
i −
I˜(1)
n˜(1,0)
.
4. At this point the secondary cycle start with a certain value of the index i ( therefore, with
a certain value of the discharge current ). The secondary cycle is defined by the index k,
with k = 1, ..., k¯ (k indicated the number of the iteration within the nested cycle ). The
nested cycle proceeds with the following step:
(a) n˜(i,k−1), n˜(i,k−1)n , u˜
(i,k−1)
i are used to find from Problem2 the correction φ˜
(i,k−1)
(corr) for the
potential and T˜
(i,k−1)
e(corr) for the electron temperature. T˜
(i,k−1)
e , φ˜(i,k−1) are corrected
with T˜
(1,k−1)
e(corr) , φ˜
(1,k−1)
(corr) weighting
1
2 the correction in respect to φ˜
(i,k−1) and T˜ (i,k−1)e .
T˜
(i,k)
e =
T˜ (i,k−1)e +T˜
(i,k−1)
e(corr)
2
φ˜(i,k) =
φ˜(i,k−1)+φ˜(i,k−1)
(corr)
2
.
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(b) With u˜
(i,k−1)
i , T˜
(i,k)
e we compute the new value for the area A˜(i,k) = 2pi
((
R˜
(i,k)
2
2
)
−
(
R˜
(i,k)
1
2
))
with:

R˜
(i,k)
1 = R˜1(1)−
´ LcatLrefr
0
1
u˜
(i,1−k)
i
√
T˜
(i,k)
e dz˜
R˜
(i,k)
2 = R˜2(1) +
´ LcatLrefr
0
1
u˜
(i,1−k)
i
√
T˜
(i,k)
e dz˜
,
where R˜1(1) =
R1(Lch)
Lref and R˜2(1) =
R2(Lch)
Lref .
(c) With the new value of the area A˜(i,k) and T˜
(i,k)
e , φ˜(i,k) from Problem1 we can com-
pute the correction,(n˜u˜i)
(i,k)
(corr) , n˜
(i,k)
n(corr), u˜
(i,k)
i(corr), for (n˜u˜i)
(i,k−1)
, n˜
(i,k−1)
n , u˜
(i,k−1)
i . The
update value of (n˜u˜i)
(i,k)
, n˜
(i,k)
n , u˜
(i,k)
i are:
(n˜u˜i)
(i,k)
=
(n˜u˜i)
(i,k−1)+(n˜u˜i)
(i,k−1)
(corr)
2
n˜
(i,k)
n =
n˜(i,k−1)n +n˜
(i,k−1)
n(corr)
2
u˜
(i,k)
i =
u˜
(i,k−1)
i +u˜i
(i,k−1)
(corr)
2
.
The updated value of the plasma density is:
n˜(i,k) =
(n˜u˜i)
(i,k)
u˜
(i,k)
i
.
The electron velocity is given by:
u˜(i,k)ez = u˜
(i,k)
i −
I˜(i)
n˜(i,k)A˜(i,k)
.
(d) The plasma variables at the k iteration of the secondary cycle are:
n˜(i,k), n˜
(i,k)
n , u˜
(i,k)
i , u˜
(i,k)
ez , φ˜(i,k), T˜
(i,k)
e .
The vector ~Y (i,k) which contains all the plasma variables at the iteration k is defined.
~Y (i,k) =
[
n˜(i,k), n˜(i,k)n , u˜
(i,k)
i , u˜
(i,k)
ez , φ˜
(i,k), T˜ (i,k)e
]
.
Once ~Y (i,k)is defined, we verifies if the convergence criteria is met. The latter is defined
as:
~Y
(i,k)
j − ~Y (i,k−1)j
~Y
(i,k−1)
j
< error∀j,
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where the subscript j range from 1 to 6 and indicates the component of ~Y (i,k).
At this point there are two possibilities:
1 If at the iteration k¯ of the nested cycle the convergence criteria is verified
we consider the plasma variables, n˜(i,k¯), n˜
(i,k¯)
n , u˜
(i,k¯)
i , u˜
(i,k¯)
ez , φ˜(i,k¯), T˜
(i,k¯)
e the
solution of Problem 1 and Problem 2, at the given discharge current I˜(i).
2 If the convergence criteria is not verified an other iteration of the nested
cycle is performed, the index is k = k+1. This new iteration stars from the
plasma profiles we have just found (n˜(i,k¯), n˜
(i,k¯)
n , u˜
(i,k¯)
i , u˜
(i,k¯)
ez , φ˜(i,k¯), T˜
(i,k¯)
e })
and follows the steps indicated in 4.
5. If at at the iteration k¯ the convergence criteria is met, the secondary cycle is ended. However,
we still need to verify if the solution we have just found (n˜(i,k¯), n˜
(i,k¯)
n , u˜
(i,k¯)
i , u˜
(i,k¯)
ez , φ˜(i,k¯), T˜
(i,k¯)
e )
respects the condition φ˜(i,k¯) (0) = V˜d. For this reasons we defined an interval around V˜d ,
reasonably small, in order to consider the conditionφ˜ (0) = V˜d verified. Everything can be
translated in the following condition:
φ˜(i,k¯) (0) ∈
[
V˜d − ε, V˜d + ε
]
.
At the points there are two possibilities:
(a) If at the iteration i = i¯ of the main cycle the condition on the plasma potential is
verified. We considered the plasma variables n˜(¯i,k¯), n˜
(¯i,k¯)
n , u˜
(¯i,k¯)
i , u˜
(¯i,k¯)
ez , φ˜(¯i,k¯), T˜
(¯i,k¯)
e as
the solution of system 5.18 with its boundary conditions.
(b) If φ˜(i,k¯) (0) /∈
[
V˜d − ε, V˜d + ε
]
the discharge current must be changed and a new itera-
tion of the main cycle starts. The index is i = i+ 1, and the new discharge current is
defined as:
I˜(i+1) = I˜(i) − φ˜
(i.k¯) − V˜d
V˜d
.
The new iteration start from point 4, with the new discharge current and with the
plasma variables n˜(¯i,k¯), n˜
(¯i,k¯)
n , u˜
(¯i,k¯)
i , u˜
(¯i,k¯)
ez , φ˜(¯i,k¯), T˜
(¯i,k¯)
e
In order to solve Problem1 and Problem2 we use a Runge Kutta algorithm with automatic
estimation of the error with rules of order 4 and 5, ODE solver ( MATLAB function ODE45),
In the following figure is showed the logical scheme of the integration procedure.
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Figure 5.12: Integration algorithm
Chapter 6
Model Results
6.1 Introduction
In this chapter the results of the application of our 1-D model, to the Alta HT-5k are presented.
Unfortunately, only experimental data on the integral performance parameters ( Thrust, Anodic
specific impulse, specific impulse, thrust efficiency and anodic thrust efficiency ) were available
and experimental data about the plasma proprieties within the channel were not attainable.
Therefore, the model was validated only with the the integral performance parameters. The 1-D
model contains three free parameters (f, αB , Ta)that must be calibrated with experimental data,
before the model could be used to predict the performance of the HT-5k. Thus, in this chapter
also the procedure we followed to fit the free parameters is also described.
Hence, in this chapter first, we describe a model to compute the thruster integral performance
parameters, after we give a brief description of the HT-5k. Finally, we present the fit of the
free parameters, together with the results obtained when the model was used with the aim of
predicting the HT-5k performance.
6.2 Model Performances
In this section we derive the expression used for computing the integral performance parameter
such as thrust, anodic and total thrust efficiency, anodic and total specific impulse.
In Hall thrusters, the total mass flow rate (m˙) is divided between the one that pass through
the anode (m˙P ) and the mass flow rate that flows through the cathode (m˙c):
m˙ = m˙p + m˙c.
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Since the cathode gas flow is injected exterior to the discharge channel is argely lost. Therefore,
we define a cathode efficiency:
ηc =
m˙p
m˙
The total power into the thruster is:
Pt = Pd + Pk + Pmag,
where Pd is the discharge power, Pk is the cathode keeper power ( normally equal to zero
during operation ) and Pmag is the power used to generate the magnetic field. We define an
electrical utilization efficiency:
η0 =
Pd
PT
.
The thrust is defined as:
T = m˙ueff ,
where ueff is the effective exhaust velocity of the thruster ( defined Chapter 2). Since the
electrostatic interaction between ions and electrons plus the magnetic forces on the electrons, are
the mechanisms by which the thrust is transferred to the solid parts of the thrusters and since
the magnetic field extends for some distance outside the channel, an accurate estimation of the
momentum thrust should be done evaluating the plasma proprieties at the cathode. If we neglect
the contribution of the electron pressure on the thrust we have that:
T = m˙i (Lcat)ui (Lcat) ,
where m˙i (Lcat) is the ion mass flow rate at the cathode and ui (Lcat) is the ions velocity at
the cathode. The thrust efficiency is defined as:
ηT =
1
2m˙u
2
eff
PT
=
T 2
2m˙PT
=
T 2
2m˙PPd
ηcη0
The anodic thrust efficiency is defined as:
ηa =
T 2
2m˙pPd
,
Therefore, the thrust efficency:
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ηT = ηaηcη0.
If losses relate with multiple charged ions and plume divergence are neglected the thrust can
be written as [42]:
T =
√
2mi
e
Ii (Lcat)
√
Vb,
where Ii (Lcat)is the ion current at the cathode and Vb is an effective discharge voltage through
which the ions are accelerated.
We define the beam efficiency as:
ηb =
Ii (Lcat)
Id
.
The mass utilization efficiency is defined as:
ηm =
m˙i (Lcat)
m˙p
.
The energetic efficiency as:
ηe =
Vb
Vd
.
Therefore, the anodic efficiency could be written as:
ηa = ηmηbηe.
We define the anodic specific impulse as :
Isp(a) =
T
m˙pg0
.
While the specific impulse is defined as:
Isp =
T
m˙g0
.
Therefore, in our model the performance of the thruster are computed exploiting the following
relation:
1. Thrust: T = m˙i (Lcat)ui (Lcat) = min (Lcat)A (Lcat)u
2
i (Lcat) .
2. Anodic specific impulse: Isp(a) =
T
m˙pg0
.
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3. Specific impulse: Isp =
T
m˙g0
.
4. Anodic efficency: ηa = ηmηbηe.
5. Thrust efficiency: ηT = ηaηcη0.
6.3 HT-5k Description
The Alta’s HT-5k (see Figure 6.1 ) is a Hall Effect thruster designed to work in the power range
3 − 7kW . The discharge chamber of the thruster is an annular U-shaped channel of ceramic
material composed by boron nitride (BN)and silicon dioxide (SiO2). The choice of validating
our model on the Alta HT-5k was imposed by the large number of experimental data available,
at Alta, regarding the thruster performance in a wide range of operating conditions.
Figure 6.1: Alta’s HT-5k firing the vacuum facility
The baseline operating condition of the HT-5k is reported in Table 6.1:
Vd (V ) m˙p
(
mg
s
)
Id (A) Pd (W )
300 15.2 17.2 5160
Table 6.1: HT-5k baseline operating condition
In table 6.2 the main geometrical parameters of the thruster are reported , together with the
profile of the magnetic field induction at the thruster mean radius, as a function of the axial
coordinate.
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Figure 6.2: HT-5k. Geometrical parameters and magnetic field induction
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6.4 Free Parameters Fit
The model described in Cap 5 present three free parameters: f , αB ,Ta. The procedure described
in section 5.13 is thought for predicting the performances ( discharge current, thrust and efficien-
cies ) of a thrusters at a given operating mode ( Vd, m˙p,m˙c, magnetic field profile given) and this
implies the knowledge of f ,αB .Ta.
It is important to remember the mining of these three free parameters:
 f is used for taking into account the uncertainties present in the description of the interaction
between the plasma and the ceramic walls of the channel.
 αB is used for taking into account the uncertainties present description of the electron
transport inside the channel.
 Ta is the anode temperature and is used to evaluate the neutral velocity through equation
5.9.
We decided to choose a batch of experimental data representative of a certain number operating
points of the HT-5k in order to find appropriate values of the three free parameters.
Note that this operating points was chosen randomly within the large database of experimental
data regarding the HT-5k, available at Alta and are representative of the behavior of the thrusters
at various anode mass flow rates and discharge voltage. It is also important to outline that the
magnetic field profile is unchanged between the various operating point and is the one showed in
Fig 6.2.
Unfortunately, we can’t report the experimental data used because are regulated by disclosure
agreement. Furthermore, the experimental data available regard only the integral performances
parameter and no data are available on the plasma proprieties within the channel, this is due to
the harsh environment for the diagnostic inside the channel, which render extremely difficult a
reliable measurement of the plasma characteristic.
We report in table 6.2 the data relative to the baseline operating condition
Id (A) Pd (W ) T (mN) Isp (s) Isp(a) (s) η (%) ηa (%)
17.2 5160 288 1678 1779 44 49
Table 6.2: HT-5k baseline performance
6.4.1 Anode temperature
As explained in section 5.5.2 the neutral velocity at the anode is strongly related with the tem-
perature of the anode itself through equation 5.9. The anode temperature is a function of the
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operating conditions of the thrusters and can be safely assumed as function of the discharge
current Id, because the power absorbed by the anode through Joule heating is proportional to Id.
Unfortunately no data were available regarding the anode temperature of the HT-5k at various
operating condition. Therefore, we decided to exploit the data presented in [2] about the anode
temperature of the Hall thrusters H6. The latter operate with a nominal discharge power of 6kW
( the same power range of the HT-5k).
Two relevant operating condition of the H6 are presented in Table 6.3.
Vd (V ) m˙p
(
mg
s
)
Id (A) Ta (k)
300 10 91 680
300 20 20.3 840
Table 6.3: H6 relevant operating points.
The anode temperature present only slight variations (700− 900k) varying the operation con-
ditions [2]. Therefore, we decided to use a linear relation between Ta and Id starting from the
two operating points presented in Table 6.2. Consequently, we obtained:
Ta = 840 +
160
11.2
(Id − 20.3)
6.4.2 Wall interaction coefficient f
The wall interaction coefficient f takes into account of the uncertainties present in the wall
interaction terms and as previously pointed out is expected to be related with the ionization
process. Therefore, we decide to relate f with the anode neutral density nn (0). From the batch
of HT-5k experimental data we chose a certain number of them and for each of these operating
points we compute the value of f that allow to met the experimental performances. In order to
do that we followed a slight variation of the procedure described in Sec 5.13:
in Sec 5.13 we have assumed to know f, αB ,Ta and Id was found as output of the integration.
In this case the situation is slightly different, because the discharge current is known and is the
one experimentally measured. Therefore, we decided to fix the discharge current equal to the
experimental one and to vary αB in order to met the condition φ˜ (0) = V˜d. This has been done
following an integration procedure equal to the exposed in Sec 5.13 with the only difference than
at step 5 αB is changed instead of I˜ with a similar logic:
 αB can be written us αB =
1
c and we decided to iterate on c. When a convergent solution
of Problem1 and Problem2 was found, we verified if the condition φ˜ (0) = V˜d was met. If
that condition was not verified we changed the value of c is changed:
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c(i+1,k¯) = ci −
(
φ˜(i,k¯) (0)− V˜d
)
,
where k and i indicate the number of iterations in the secondary and main cycles. φ˜(i,k¯) (0)
is the value of the potential at the anode of the convergent solution.
The results are summarized in table 6.4, where the subscript base indicate the baseline
Vd (V ) m˙p
(
mg
s
)
f nna(nna)base
550 6 0.8 0.405
500
10 0.75 0.6462
6 0.79 0.407
450 6 0.86 0.406
400
12 0.9 0.7615
8 0.86 0.5318
6 0.8 0.408
300
20 1.19 1.114
16.5 1.14 1
12 1.05 0.764
8 1 0.53
250
16.5 1.12 1.002
12 1.05 0.7645
8 1 0.5323
Table 6.4: f values at different operating modes
Observe that we have only small variation of f ,from 0.75 to 1.19, as a function nn(0)(nn(0))base
.
Therefore, we decided to linearly interpolate the values found for f as a function of nn(0)(nn(0))base
. .
Where (nn (0))base = 5.0149 · 1019 . The results are showed in figure 6.3.
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Figure 6.3: f linear interpolation
It is worth noting that all the values of f are close to 1. This means that the sheath model
exploited to obtain νw and νwe was reasonably accurate.
6.4.3 Anomalous diffusion coefficientαB
αB should take into account the uncertainties on the electron mobility within the thruster and
is a function of the thruster operating condition. In particular, we decided to relate αB to
the discharge voltage Vd. As outlined in the previous section αB could be written as αB =
1
c .
Exploiting the founded Ta = Ta (Id) and f = f
(
nn(0)
(nn(0))base
)
, we used the integration method
briefly described in section 6.5.2 in order to find c for the same experimental point considered in
section 6.5.2. The results are summarized in Table 6.5.
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Vd (V ) m˙p
(
mg
s
)
c
550 6 143.6
500
10 155
6 160.82
450 6 155.71
400
12 133.80
8 146.1
6 152.68
300
20 113.07
16.5 119
12 128.53
8 129.31
250
16.5 106.44
12 110.42
8 109.78
Table 6.5: c values at different operating point
We decided to linearly interpolate the values found for c as a function of Vd and the results
are showed in figure 6.4.
Figure 6.4: 1αB linear interpolation
6.5. HT-5K RESULTS 107
6.5 HT-5k Results
Once Ta = Ta (Id),f = f
(
nna
(nna)base
)
and αB = αB (Vd) are determined, we used the integration
procedure described in section 5.13 in order to find the plasma proprieties, inside the channel and
in the near plume for various HT-5k operating conditions.
6.5.1 HT-5k Baseline Results
In this section we deeply discus the results obtained for the baseline of the HT-5k. The comparison
between experimental and computed performances is showed in Table 6.6. In Fig 6.5 the axial
profiles of the plasma proprieties are illustrated , in Fig 6.6 the main frequencies that characterize
the plasma behavior are showed, finally in Fig 6.7 the effective electron collision frequency is
showed.
Id [A] Pd [W ] T [mN ] Isp [s] Isp(a) [s] η [%] ηa [%]
Experimental 17.2 5160 288 1678 1779 44 49
Computed 17.1 5120 289 1683 1785 44.3 49.4
Displacement [%] 0.76 0.77 0.35 0.3 0.34 0.68 0.81
Table 6.6: HT-5k baseline performance comparison
Figure 6.5: Baseline dimensional plasma proprieties. The dotted line indicates the exit of the
channel.
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Figure 6.6: Baseline relevant frequencies
Figure 6.7: Baseline effective electron collision frequency
The model predicts the performances of the thruster with an error lower that the 1%. The
profiles showed in Fig 6.5,6.6,6.7 present some peculiar characteristic that deserve an appropriate
discussion:
 The maximum of the electron temperature lies outside of the channel. This characteristic of
the temperature profile is not unexpected, because the magnetic field is still strong outside
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of the thruster (See Fig 6.2), while wall losses goes rapidly to zero once the plasma leaves the
channel (as explained in Sec 5.9). Therefore, immediately outside the channel the plasma
feel an high resistance due to the magnetic field, and the wall losses are negligible. The
combined effect is to increase the temperature outside of the channel. Once the electrons
enters within the thruster, the wall losses rapidly increase, together with ionization and
consequently the temperature decreases. This mechanisms is confirmed by the profile of
νw,νwe,νe. Furthermore, inside of the channel the electron temperature can’t increase too
much due to the charge saturation regime. The latter, if BnSiO2 is used as wall material,
occurs for electron temperature higher than 28eV . As explained in [44] for electron temper-
ature below 28eV the wall sheath is electron-repellent and above this threshold the sheath
becomes electron attractives. Wall electron energy losses are negligible for Te < 28eV but
abruptly increase for Te > 28eV . Therefore, above 28eV the wall act a sink of energy for
electrons which maintains Te < 28eV inside the channel. This effect is captured by our
1D model, indeed the electron temperature is below 28eV and rapidly decrease from the
maximum when the plasma enters within the channel.
 Plasma proprieties present a slight discontinuities in their slop at the exit of the channel.
This is due to the change of the area A ( which is constant inside the channel and increase
outside, therefore we have a discontinuity in d lnAdz ) and to the wall terms, which rapidly
goes to zero outside of the channel.
 The ionization is distributed along all the channel length, as we can observe from Fig 6.6.
The the peak lies near the anode because in this region the neutral density is high. Moreover,
the ionization frequency presents a sharp increase in the proximity of the exit, this is due
the the rapid increment of Te outside the channel. Furthermore, it is remarkable to outline
that the ionization of the neutrals is almost complete.
 The wall terms has a maximum near the channel exit and rapidly goes to zero outside of
the channel. This behavior is strongly related with the electron temperature profile.
 The effective electron collision frequency is showed in Fig 6.7. In the near anode region the
electron-neutral collision frequency dominates, while becomes less important far from the
anode due to the decrease in neutral density. The anomalous collision frequency dominates
for the most part of the channel, while the wall collision frequency is negligible inside the
channel and in the near plume, apart a sharp region near the channel exit where rapidly
increase due to the increment of νw.
Finally in Fig 6.8 is showed the hall parameter.
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Figure 6.8: Baseline Hall parameter
The profile of the Hall parameter is strictly related with the profile of the effective collision
frequency within the channel. The decrease of the Hal parameter near the exit is due to the
sharp increase of the near wall collisionality. The Hall parameter showed in Fig 6.8 seems not to
be in agreement with Fig 4.4. This is due to the fact we take αB constant, while as outlined in
section 3.5 the Bohm parameter should be a function of the axial coordinate within the channel
and according to Fig 4.4 should decrease near the exit.
6.5.2 HT-5k Performances Maps
We computed the performances of the HT-5k for a wide range of operating conditions. Exper-
imental and computed thruster performance was compared and the results are presented the
ensuing maps Fig 6.9,6.10,6.11,6.12.
Each computed performance, for every operating point, is marked with star, while with dia-
mond we indicate the experimental one. How can be observed from the figures, computed and
experimental performance are in strong agreement over a large number operational modes of the
thrusters. This results, together with the one regarding the baseline, show that the fit of the
three free parameter is accurate and confirms the reliability on the assumptions made regarding
the effect of the electron pressure and the anode ion velocity.
The results show also how our model could accurately predict the performances of the HT-5k
over a wide range of operating conditions.
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Figure 6.9: T − Vd.Stars indicates the computed performances, while diamonds indicates the
experimental performances
Figure 6.10: Isp(a)−PdStars indicates the computed performances, while diamonds indicates the
experimental performances
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Figure 6.11: Id − Vd.Stars indicates the computed performances, while diamonds indicates the
experimental performances
Figure 6.12: ηa − PdStars indicates the computed performances, while diamonds indicates the
experimental performances
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6.6 Capabilities and Limitations
Once the three free parameters
(
Ta = Ta (Id) , f = f
(
nna
(nna)base
)
, αB = αB (Vd)
)
are fitted against
the experimental data of a given thruster. The model can be used to predict the performances
of that thruster or to predict the performances of a different thruster of the same class ( similar
dimensions and operating power range ). However, the presence of this three free parameter
constitutes the main limitation of the model, because in order to find the three functional relations
Ta = Ta (Id),f = f
(
nna
(nna)base
)
and αB = αB (Vd) a certain number of experimental data is
required.
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Chapter 7
Conclusions
7.1 Summary
This thesis provided a description of the classical collisional electron transport theory, together
with an analysis of the features of the so called anomalous electron transport and an investigation
on the relation between plasma oscillations and electron transport inside the channel. Further-
more, an overview of the main experimental and theoretical results regarding plasma oscillations
inside the thruster was presented. Emphasis was given to the oscillations related with the problem
of anomalous diffusion.
With the aim of investigating the role of anomalous transport in Hall thruster a one-dimensional
model of the thruster was developed and validated on the Alta HT-5k. The model include plasma-
wall interaction effects, ionization, neutral dynamics and plume expansion. A sensitivity analysis
of the effects, on the plasma dynamic, of electron pressure and anode ion velocity was performed.
The results showed a marginal effects only in a limited region near the anode. Therefore, the
electron pressure was discarded from the model and the ions velocity at the anode was imposed
equal to the neutral one, allowing for a simplification of the numerical integration procedure and
an increase of the code stability. The neutral dynamic inside the channel was investigated and
the neutral velocity was related to the anode temperature and the latter in turn to the discharge
current.
The model contains two free parameter: f and αB . The former takes into account the
uncertainties present in the description of the plasma-wall interaction, while the latter allow
the inclusion of the effects of plasma oscillations on electron transport. The role of f and αB
was investigated over a wide range of operating conditions of the HT-5k, observing a strong
dependence on the operating conditions of the thruster. In particular, f was linked with the
115
116 CHAPTER 7. CONCLUSIONS
value of the neutral density at the anode, while αBwith the thruster discharge voltage.
Then, from the data collected a first attempt to build a semi-empirical model for both f
and αB , as a function of HT-5k operating made, was made. Afterward, the model was used
to predict the thruster performance over a certain number of operating conditions. Computed
and experimental thruster performance are in a agreement within an error lower than the 5.
Furthermore, the model has proved to be able to catch the main features of the plasma proprieties
within the channel and in the near plume.
In conclusion, we can state that all the objectives, set at the beginning of this work, were
fulfilled. In addition, the work here presented, is supposed to offer an insight on the role of
anomalous diffusion in Hall effect thrusters and to yield some important gains into the description
of the main physical processes behind the operation of this thrusters.
7.2 Future Work
Based on the results presented, the follow up work that I suggest, in order to improve the de-
scription of the plasma dynamics inside the channel, has to include:
1. A better characterization of the plasma wall interactions, with the aim of obtaining an
analytical description of the parameter f as a function of the local plasma variables.
2. Validate the model on the FAKEL’s SPT 100 and investigate the role of the anomalous
diffusion over a wide range of operating conditions of both the SPT 100 and HT-5k. Fur-
thermore, starting from the data collected, construct a semi-empirical model of electron
anomalous collisionality, as a function of the thruster operating conditions.
3. The relaxation of the assumption of a constant neutrals velocity inside the channel.
4. The integration and validation of the one-dimensional model in magnetic coordinates de-
scribed in appendix A. The basic idea behind this model is that the greadient of plasma
properties are assumed to be mainly in the direction orthogonal to the magnetic field, en-
abling a quasi-one-dimensional description in magnetic coordinates. This model allows a
more accurate description of the plasma dynamic inside the channel because enable the
inclusion of the real topology of the magnetic field, without heavily increasing numerical
integration complexities.
In addition, there are scheduled activities that must be fulfilled using the current 1-D model:
1. Predict the erosion rate of the HT-5k and compare the results with experiments.
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2. As a part of the Krypton Hall Thruster (KHT) ESA project, the influence, on the thruster
performance, of different propellants will be investigated.
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Appendix A
One-Dimensional Magnetic Model
of a HET Channel.
In this appendix are exposed the main assumption behind the development of one-dimensional
model of a HET channel in magnetic coordinate. The main driving idea in the development of
this model is that due to the anisotropy induced in the plasma by the magnetic field, the gradients
of the plasma properties are tough to be mainly in the direction orthogonal to the magnetic field,
hence enabling a quasi-one-dimensional description.
Starting from the Maxwell equation we can define a new set of curvilinear coordinates,λ, µ, θ.
Indeed, due to the fact that ∇× ~B = 0 we can define a function µ, whose gradient is everywhere
parallel to ~B. On the other hand, exploiting that ∇ · ~B = 0, a function λ, whose gradients is
everywhere perpendicular to ~B, can be defined. In summary we have that:
∇ · −→B = 0 =⇒ ∃λ : ∇λ⊥−→B ⇒
 ∂λ∂z
∂λ
∂r
 =
 rBr
−rBz

∇×−→B = 0 =⇒ ∃µ : ∇µ‖−→B ⇒
 ∂µ∂z
∂µ
∂r
 =
 Bz
Br

.
The rigorous determination of the new reference frame include mathematical passages that
are quite involved and therefore, don’t presented here. What it is important to remark that λ
represents the direction perpendicular to ~B ( it is the analogous of the axial coordinate ), while µ
represents the direction parallel to ~B ( it is the analogous of the radial coordinate). Furthermore,
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note that the peculiarity of this reference frame is that has versors perpendicular and orthogonal
to the magnetic field lines. The differential expression for surface and volume elements in the
new coordinate system are: dSµθ = rBdθdµdV = 1B2 dλdµdθ .
After the definition of this new system of coordinates, we can apply the conservation equations
of particles, momentum and energy to the axysimmetrical control volume defined in Fig A.1. The
surface of the elementary volume and the value of the volume itself are given by:S (λ) = 2pi
´ µ2
−µ1
r
Bdµ
V (λ) = 2pidλ
´ µ2
−µ1
1
B2 dµ
.
Figure A.1: Elementary volume comprised between two magnetic field lines
The basic assumptions behind the model are:
 We consider stationary ( ∂∂t = 0) solutions , therefore the electric field is conservative
~E =
121
−∇φ.
 The magnetic field generated by the currents flowing in the plasma is negligible with respect
to the externally generated one.
 The magnetic field is assumed to be symmetrical w.r.t. the channel center line.
 The plasma is composed by three independent fluids: electrons (e), ions (i), and neutrals
(n), which are treated as fluids.
 The plasma is considered quasi-neutral ni = ne , n (this means that we exclude the sheaths
from the domain).
 Plasma proprieties are assumed uniform along the magnetic field line and along the az-
imuthal direction
(
∂
∂θ ,
∂
∂µ  ∂∂λ
)
. This implies that all the plasma variables are only
functions of λ.
 ~ui = uieˆλ.
 ~ue = ueλeˆλ + ueθ eˆθ.
 ~un = uneˆz. With un constant.
Furthermore, with the discussed assumptions ~E = −∇φ = −rB ∂φ∂λ eˆλ. The application of the
conservation laws yields to this final set of equation:

d
dλ (nuiS) = n(νI − νw)V˙
d
dλ (nueλS) = n(νI − νw)V˙
d
dλ
[
nnunS˜
]
= −n(νI − νw)V˙
d
dλ
[
minu
2
i S˜
]
= −nedφdλ S˜ +min
[
νIunV˙ − νwui ˙˜V
]
nedφdλ S˜ + neueθH − ddλ
[
nkBTeS˜
]
+ nkBTe
˙¯A = 0
ωeueλ + νeueθ = 0
d
dλ
[(
5
2nkBTeueλ
)
S
]
= neueλ
dφ
dλS − n (νIαIΣI + νweTe) V˙
, (A.1)
122 APPENDIX A. ONE-DIMENSIONAL MAGNETIC MODEL OF A HET CHANNEL.
where 
S = 2pi
´ µ2
−µ1
r
Bdµ
S˜ = 2pi
´ µ1
−µ1
r(eˆz·eˆλ)
B dµ
V˙ = 2pi
´ µ2
−µ1
1
B2 dµ
˙˜
V = 2pi
´ µ2
−µ1
eˆλ·eˆz
B2 dµ
H = 2pi
´ µ¯
−µ1
eˆλ·eˆz
B dµ
˙¯A = dA¯dλ =
dA2
dλ − dA1dλ = 2pi
(
R2 tanϕ2
dz
dλbµ=µ2+R1 tanϕ1 dzdλbµ=µ1
)
A1 = piR
2
1
A2 = piR
2
2
In obtaining system A.1 we made the same assumptions regarding dynamics of electrons, ions
and neutral, described in Chapter 5. This model allows for more accurate description of thruster
with standard magnetic field topologies ( quasi-radial magnetic field ) and furthermore, enable
the study of non standard HET configurations with complex 2D magnetic field topologies, as in
the case of magnetically shielded Hall thrusters. The integration of system A.1 is a part of the
work scheduled for the forthcoming future.
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